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Abstract

This paper studies pre-match investment competition with upper and lower bounds
on feasible transfers to sellers in a general signaling environment, where the types of
buyers and sellers are private information and the surplus may depend on both types
and investments. Bounded transfers create methodological challenges - e.g., external-
ities in the bottom match, limits of a separate investment reward (or market utility)
schedule for each side - that would be present even in a large market. To overcome
such challenges, this paper proposes a notion of equilibrium that incorporates strate-
gic behavior of a continuum of agents. Given our notion of equilibrium with bounded
transfers, our model explains remarkably well why sellers and buyers in the bottom
tail of the match distribution are stuck in a vicious cycle of a rat race, and how stars
who stand out from the rest endogenously arise through pre-match investment com-
petition.
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1 Introduction

In many markets, participants are matched together to create a surplus: For example, a
man and woman are married to create household surplus, a firm hires a worker to pro-
duce, a seller and a buyer engage in negotiations to make a deal, etc. Heterogeneous
participants make investments in their attributes prior to matching in these markets be-
cause investments may directly increase surplus in a match they form, but also increase
their relative ranking to improve the chances of being matched with a better partner. It
is of great interest whether the latter can solve the hold-up problem of non-contractible
pre-match investment (Grossman and Hart (1986), Williamson (1986)) that prevails when
a match is considered in isolation.

Cole, Mailath, and Postlewaite (2001b) were among the first to study pre-match invest-
ment competition. Their model is based on transferrable utility, complete information,
and a continuum of buyers and sellers. Pre-match investment competition was studied
in various environments that incorporate the features of marriage markets (Bhaksar and
Hopkins (2016), Chiappori, Lyigun, and Weiss (2009), Lyigun and Walsh (2007), Peters
and Siow (2002)), finite market (Cole, Mailath and Postlewaite (2001a), Felli and Roberts
(2016)), general assignment game framework (Dizdar (2018)), risky investment (Chade and
Lindenlaub (2017), Bhaskar and Hopkins (2016)), unobservable investments (Bidner (2010),
Mailath, Postlewaite and Samuelson (2013, 2016)), asymmetric information (Cole, Mailath
and Postlewaite (1995), Rege (2008), and Hoppe, Moldovanu and Sela (2009)), imperfectly
transferrable utility (Nöldeke and Samuleson (2015)), etc.

Except for the case of non-transferable utility (e.g., Peters and Siow (2002), Bhaskar
and Hopkins (2016)), monetary transfer is involved between partners in a match and no
restrictions are assumed on the amount of transfers in the literature. However, real life
situations are often different. A minimum wage sets the wage floor in practice. A wage
ceiling is often considered for high income earners. Many firms or institutions impose a
pre-specified band of feasible wages for each category of jobs. Government agencies or
non-profit organizations may feel public pressure not to overpay.

Despite its prevalence in real life situations, studies on bounded transfers are mostly
confined to the context of moral hazard problems (Holmstrom (1979), Jewitt, Kadan, and
Swinkels (2008)). This paper studies the impact of bounded transfers on pre-match in-
vestment competition in a general signaling environment with a continuum of buyers
and sellers and transferable utility. Both buyers and sellers have private information on
their type and surplus may depend on both types and investments. Upper and lower
bounds are imposed on feasible transfers from a buyer to a seller.

Methodology Upper and lower bounds of transfers to sellers create several methodolog-
ical challenges. Given the binding lower bound of transfers, a reduction in the investment by
the seller in the bottom match creates externalities on her partner at the matching stage
when she is the only one with the lowest investment among sellers with a partner and
her partner is the only one with the lowest investment among buyers with a partner.

To see this point clearly, consider the case where types are observable. A binding
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lower bound of transfers to sellers drives up competition in the bottom tail of the mar-
ket, leaving some sellers and buyers unmatched. Investments by those unmatched are
strictly lower than the investment made by the seller in the bottom match. The equilib-
rium utilities net of investment costs for the seller and buyer in the bottom match are the
same as their reservation utilities. If the seller in the bottom match reduces her investment
slightly, her partner’s outside option is either to stay unmatched or to be matched with an
unmatched buyer by transferring the lower bound. Because investment costs are sunk at
the matching stage, the buyer in the bottom match will not choose such an outside option,
but is still willing to be matched with his partner by transferring the lower bound even
if his partner’s investment is slightly lower than he expected. Such externalities would
not go away even in a large market, but agents are not aware of such externalities in the
types of equilibrium formulated by Cole, Mailath, and Postlewaite (2001b) and Nöldeke
and Samuelson (2015). This is because, in their equilibria, agents take transfer or market
utility schedules as given.

We formulate a notion of equilibrium with bounded transfers, which fully incorpo-
rates externalities that may be created by the bottom-match seller’s deviation in her in-
vestment decision. In essence, this is similar to a perfect Bayesian equilibrium with a
continuum of buyers and sellers. In the case of complete information, there is no equi-
librium since the seller in the bottom match always has an incentive to reduce her in-
vestment slightly. For the case of incomplete information, we identify a mild condition
under which the seller in the bottom match has no incentive to change her investment. It
is the existence of an off-path posterior belief on a seller’s type, conditional on the invest-
ment being lower than the bottom-match seller’s equilibrium investment, which makes
her unattractive in the matching market. That is, the expected surplus net of the bind-
ing lower bound of transfers in the bottom match is negative. Such an off-path posterior
belief prevents the seller in the bottom match from reducing her investment.

The binding upper bound of transfers also creates a methodological difficulty. In terms
of formulating rewards for pre-match investments, we might want to extend the two-
schedule approach, one for buyers and the other for sellers in Cole, Mailath, and Postle-
waite (2001b) and Nöldeke and Samuelson (2015). For example, buyers take as given a
transfer schedule that specifies an amount of money a buyer receives as a function of his
investment. Analogously, sellers take a transfer schedule as given. The two-schedule ap-
proach does not work with the binding upper bound because it makes (partial) pooling
necessary in equilibrium under incomplete information. If pooling occurs on either side
of the market, the amount of transfer is based on the expected surplus. The two-schedule
approach does not specify how to split the discrepancy between the ex-post surplus and
the expected surplus between partners. Subsequently, the two-schedule approach is not
appropriate for the binding upper bound of transfers.

On the other hand, the one-schedule approach admits pooling because the residual
claimant in the match - the buyer - can absorb any discrepancy between the ex-post
surplus and the expected surplus. Sellers make optimal investment decisions given the
schedule of transfers for sellers, whereas, for their optimal investment decision, buyers
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need more fine tuning of their expectations on the residual of the surplus in a poten-
tial match: Correct expectations are required on the posterior belief on sellers’ types, the
transfer schedule for sellers, and the highest level of the seller’s investment.1 Given the
choice of the seller whom he wants to be matched with, a buyer makes a constrained effi-
cient investment, whereas the investment chosen by a seller who is matched with a buyer
is inefficiently high due to information rent.

Given pre-match investments and beliefs on types, equilibrium matching outcomes
confirms the belief on transfers to sellers who are matched. Our benchmark is the separat-
ing equilibrium without restrictions on transfers in the one-schedule approach. Given our
own formulation of pre-match investment competition, the equilibrium with bounded
transfers explains remarkably well why sellers and buyers in the bottom tail of the match
distribution are stuck in a rat race, and how stars who stand out from the rest endoge-
nously arise through pre-match investment competition.

A rat race Conventional motivation for introducing a lower bound of transfers, such as
a minimum wage, is to make workers better off, especially the low-skilled ones. How-
ever, our results show otherwise. The binding lower bound of transfers induces a rat race
among both buyers and sellers in the bottom tail of the match distribution. The binding
lower bound of transfers leaves a positive measure of buyers and sellers of low types un-
matched and it drives up the pre-match investment competition in the bottom tail. The
types of the seller and buyer in the bottom match with the binding lower bound of trans-
fers to sellers are strictly higher than those in the bottom match with no restriction on
the lower bound. Importantly, a positive measure of sellers and buyers in the bottom
tail of the match distribution invest more with the binding lower bound of transfers than
they would with no restriction. Subsequently, the match surplus created by those sellers
and buyers in the bottom tail of the match distribution is larger, transfers to those sellers
are higher than those they would receive with no restriction. However, not only buyers
but also sellers in the bottom tail are all strictly worse off, struggling to pay off the costs
incurred for more investment.

A rise of stars Starting from the types and investments in the bottom match, we can
solve a differential equation for equilibrium investments and transfers. The binding up-
per bound of transfers to sellers makes transfers to the sellers hit the upper bound before
it reaches the transfer to the seller of the highest type. This induces bunching and jump-
ing on the top. There is a threshold of the seller’s type above which all sellers choose the
same investment that is strictly greater than the highest level of investments chosen by
those sellers with the type just below that threshold. The transfers to those sellers of type
above the threshold are all equal to the upper bound of transfers imposed in the matching
market.

Let us interpret the seller’s talent at the matching stage as her investment and the

1Because of the binding upper bound of transfers, the correct expectation on the highest level of the
seller’s investment is required for a buyer’s investment decision. Otherwise, a buyer may believe that he
can be matched with a seller with an extremely high level of investment by paying the upper bound of
transfers.
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posterior belief on her type conditional on her investment. Our results show that stars
endogenously arise on the seller side with the binding upper bound of transfers to sellers
in that there is a positive measure of sellers whose talent shows a discrete jump from the
rest of sellers even when types are continuously distributed.

Stars who stand out from the rest endogenously emerge on the buyer side as well but
slightly differently. There is a threshold of the buyer’s type above which all buyers are
matched with stars on the seller side. Given the partner’s investment and the belief about
her type, the buyer’s investment is constrained efficient. Because the partner’s investment
and the belief about her type show a discrete jump on the seller side, the investments
chosen by the buyers of type above the threshold are all strictly higher than the highest
level of the investments chose by the buyers of type below the threshold. Therefore,
their investments show a discrete jump from the rest of investment levels. However, the
buyer’s constrained efficient investment also depends on his type as well. This implies
that stars on the buyer side are continuously differentiated among themselves in that their
investments are all different and therefore their types are fully revealing, whereas stars
on the seller side look all the same because their investments are the same and hence the
beliefs on their types are the same as well.

Related literature Pre-match investment competition with incomplete information is pre-
viously studied but without considering bounded transfers. Cole, Mailath and Postle-
waite (1995), Rege (2008), and Hoppe, Moldovanu and Sela (2009) consider non-transferable
utility so there are no monetary transfers. Hopkins (2012) studies one-sided pre-match in-
vestment competition in a transferrable utility framework with incomplete information
on workers’ types where only workers make pre-match investments without restrictions
on transfers.

Despite its prevalence in real life situations, bounded transfers are mostly studied in
moral hazard problems. Jewitt, Kadan, and Swinkels (2008) show that a restriction on the
lower bound, such as limited liability or a minimum wage, makes the contract option-like.
Our paper analyzes the impact of restrictions on the lower and upper bounds of transfers
on pre-match investment competition when individuals are aware of such restrictions. It
endogenizes a rat race in the bottom tail of the match distribution and the rise of stars on
the top.2

It is also worth noting the role of bounded transfers on the posterior beliefs on indi-
viduals’ types. In the standard Bayesian persuasion (Kamenica and Gentzkow (2011)), a
sender directly designs a signal structure that transmits information about an unknown
state to a receiver who then takes an action. Our paper analyzes how the restriction on
the part of a receiver’s action (e.g., monetary transfers) changes the endogenous poste-
rior market belief on types by inducing market-wide changes in the signals (e.g., invest-
ments).3

2To explain why the top income earners make huge amounts of income, Tervio (2008) and Gabaix and
Landier (2008) use the assignment model, taking a talent distribution as given. If we take the endoge-
nous talent distribution derived in our paper as one that individuals start with at the beginning of their
professional career, the future career trajectory of those stars will stand out even more.

3The standard Bayesian persuasion has been extended to several fronts (Gentzkow and Kamenica (2017),
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2 Preliminaries

2.1 Model

There are two distinct sets of agents who may be interpreted as sellers and buyers, work-
ers and firms, entrepreneurs and investors, and women and men. We use a consistent set
of terms throughout the paper and refer to agents as sellers and buyers.

Buyers and sellers are all heterogeneous in terms of types. A buyer’s type is denoted
by x ∈ [x, x] ⊂ R+. Let H(X) denote the measure of buyers in X ⊂ [x, x]. A seller’s type
is denoted by z ∈ [z, z] ⊂ R+. G(Z) denotes the measure of sellers in Z ⊂ [z, z]. Each
individual’s type is his or her own private information and it is not publicly observable.
The total measure of sellers is one and it is assumed to be no less than the total measure
of buyers; H([x, x]) ≤ G ([z, z]) = 1. Further H and G are differentiable.

Each seller can make an (observable) investment s ∈ R+ in her productive character-
istic prior to matching. Each buyer can make an (observable) investment b ∈ R+ in his
productive characteristic prior to matching. Match surplus can be created only when a
seller and a buyer are matched. When a seller of type z with investment s is matched with
a buyer of type x with investment b they create monetary surplus v(b, x, s, z), which is in-
creasing in each argument.4 We assume that v is differentiable and that 0 < v(b, x, s, z) <
K, for some K < ∞ and all (b, x, s, z) ∈ R+× [x, x]×R+× [z, z]. We impose the following
assumption on v.

Assumption 1. v is supermodular in the following sense:

1. For all (b, x, s, z), (b′, x′, s′, z′) ∈ R+ × [x, x]×R+ × [z, z] ,

v
(
(b, x, s, z) ∨ (b′, x′, s′, z′)

)
+ v

(
(b, x, s, z) ∧ (b′, x′, s′, z′)

)
≥ v(b, x, s, z)+ v

(
b′, x′, s′, z′

)
.

2. Given any (b, s) ∈ R2
+, for any x 6= x′ and z 6= z′,

v(b, x∨ x′, s, z∨ z′)+ v
(
b, x ∧ x′, s, z ∧ z′

)
> v(b, x∨ x′, s, z∧ z′)+ v

(
b, x ∧ x′, s, z ∨ z′

)
.

Assumption 1.1 means that v is overall weakly supermodular, whereas Assumption
1.2 means that v is strictly supermodular in types (i.e., x and z). Let t ∈ R and p ∈ R be
the shares of the surplus, t for the seller and p for the buyer, so that the feasible shares
satisfy v(b, x, s, z) ≥ t + p.

When a seller of type z makes investment s and receives money t, her utility is t −
c(s, z). When a buyer of type x makes investment b and receives money p, his utility is

Ely (2017), Kolotilin, Mylovanov, Zapechelnyuk, and Li (2017), Bergemann, Brooks, and Morris (2015,
2017)), but the impact of restricting on part of the receiver’s action on the seller’s information design has
not been studied.

4Most results in our paper go through even when we assume that v is increasing in x and z but non-
decreasing in b and s. The strict increasing property of v in b and s can allow us to formulate an individual’s
talent as a pair of his/her investment and a posterior belief on their type. Our assumption here is that an
individual can investment in his/her observable productive characteristic prior to matching.
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p− e(b, x). c is increasing in s but decreasing in z. e is increasing in b but decreasing in x.
We assume that both c and e are differentiable with c(0, z) = e(0, x) = 0 for all z ∈ [z, z]
and all x ∈ [x, x], and that for any given z ∈ [z, z], c(s, z) → ∞ as s → ∞ and, for any
given x ∈ [x, x], e(b, x)→ ∞ as b→ ∞. We impose the following assumptions

Assumption 2. c and e are strictly submodular

1. For any s 6= s′ and z 6= z′,

c(s ∨ s′, z ∨ z′) + c(s ∧ s′, z ∧ z′) < c(s ∨ s′, z ∧ z′) + c(s ∧ s′, z ∨ z′).

2. For any b 6= b′ and x 6= x′,

e(b ∨ b′, x ∨ x′) + e(b ∧ b′, x ∧ x′) < e(b ∨ b′, x ∧ x′) + e(b ∧ b′, x ∨ x′).

Assumption 2 implies the single crossing property of the investment cost function in
that the marginal cost of investment is decreasing in the type.

A pair of bilaterally efficient investments allocation (s, b) between a buyer of type x and
a seller of type z maximizes the net surplus v(b, x, s, z) − c(s, z) − e(b, x). A constrained
efficient investment γ(x, s, z) for the buyer of type x given (s, z) maximizes v(b, x, s, z) −
e(b, x): For any given (x, s, z)

γ(x, s, z) ∈ arg max
b∈R+

[v(b, x, s, z)− e(b, x)] (1)

We assume that γ(x, s, z) > 0 for all x, s and all z > 0.5 Analogously, we can define the
constrained efficient investment ζ(b, x, z) for the seller of type z given (b, x). Further we
assume that v(γ(x, s, z), x, s, z)− e(b, x) ≥ 0 for all x, s and all z > 0. We also assume that
the concavity of v− e as follows.

Assumption 3. v(b, x, s, z)− e(b, x) is concave in b given any (x, s, z).

A binding upper bound of transfers to sellers endogenously induces stars on both
sides of the market as shown in the rest of the paper. The concavity of v− e in b is needed
to ensure that a seller has no incentive to change her partner to a star buyer and that a star
buyer has no incentive to change his partner (See Appendix 7.2). The reservation utility
for each individual is zero.

2.2 Equilibrium for pre-match investment competition

Buyers and sellers make investments prior to matching. Let us first show how to formu-
late monetary transfers at the matching stage. Let σ(z) be the investment made by the

5Because there are more sellers than buyers and G is differentiable, the type of the seller in the bottom
match under assortative matching is positive. This assumption implies that the buyer’s investment in every
match in equilibrium is positive
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seller of type z and β (x) the investment made by the buyer of type x. Let S and B be the
image sets of σ and β respectively:

S = {s ∈ R+ : s = σ(z) ∀z ∈ [z, z]} ,
B = {b ∈ R+ : b = β(x) ∀x ∈ [x, x]} .

Following Cole, Mailath, Postlewaite (2001b) and Dizdar (2018)6, we can think of the
approach where two transfer schedules, one for sellers and the other for buyers, charac-
terize transfers that are given to individuals in their matches. Given transfer schedules
(τ, κ) that they expect to be prevailing in stable matching, sellers and buyers make invest-
ment decisions prior to matching. For all z ∈ [z, z] , σ(z) solves

max
s∈R+

[τ(s)− c (s, z)] ,

and for all x ∈ [x, x], β (x) solves

max
b∈R+

[κ(b)− e (b, x)] .

This two-schedule approach can generate a separating equilibrium but does not allow
for pooling. Note that τ(s) and κ(b) are paid to the seller and the buyer from the sur-
plus they create. For example, suppose that a positive measure of sellers make the same
investment s. When a buyer of type x with investment b is matched with a seller with
investment s, the expected surplus is

E [v(b, x, s, z)|z ∈ Θ(s)] ,

where Θ(s) = {z : s = σ (z)}. The actual surplus will be different from the expected sur-
plus and the two-schedule approach does not specify how to deal with the discrepancy
between the actual surplus and the expected surplus. This makes the two-schedule ap-
proach problematic when there is an upper bound of transfers, which necessarily induces
pooling at the top.7

6Given the distribution of attributes, stable bargaining outcomes under complete information are well
studied in the literature (Gretsky, Ostray and Zame (1992), Quinzii (1984), Kaneko (1982), Shapley and
Shubik (1971)) for a transferable utility framework. The dual to the optimal assignment problem maximizes
the sum of transfers to buyers and sellers and the outcome from the dual is the same as the Walrasian
equilibrium with monetary transfers to only sellers where buyers is the residual claimant. Gretsky, Ostray
and Zame (1992) extend this equivalence to the case with a continuum of sellers and buyers in a transferable
utility framework. If the equilibrium in Cole, Mailath and Postlewaite (2001b) is efficient, the equilibrium
outcome is the same as the one from the dual to the optimal assignment problem. All these results in the
current literature are derived without restrictions on transfers.

7Nöldeke and Samuleson (2015) formulate a two-schedule approach based on market utilities. A market
utility schedule for each side specifies the individual’s equilibrium utility as a function of his/her type.
When the type is not observable, their two-schedule approach can be based on the market utility schedules
that specify an equilibrium utility as a function of observable investment. However, the two-schedule
approach based on market utilities also faces the same problem.
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On the other hand, the one-schedule approach makes agents on one side as residual
claimants in their matches and hence it allows both separating and pooling, since any dis-
crepancy between the actual surplus and the expected surplus is absorbed by the residual
claimant in the match.

Let us formulate an equilibrium with one schedule τ : R+ → T ∪ {0} with T ⊂ R.
If T = R, there is no restriction on transfers. If T = [t`, ∞) with t` > 0, then there is the
restriction on the lower bound of transfers, t`. If T = [t`, th] with 0 < t` < th < ∞, then
there are restrictions on both bounds.

For all s ∈ S, let m(s) ⊂ B ∪ {∅} be the set of investments chosen by the buyers who
are matched with a seller with s. If m(s) = ∅, the seller with s remains unmatched. Let
m−1(b) → S ∪ {∅} specify the investment chosen by a seller whom a buyer with b is
matched with, i.e., b ∈ m

(
m−1(b)

)
for b 6= ∅.

If the lower bound of transfers is strictly positive and a seller with s finds no partner
in the market, we treat it as a case in which no transfer is made to her, i.e.,

τ(s) = 0 if m(s) = ∅ and t` > 0.

Let µ and ρ be posterior beliefs on types of sellers and buyers conditional on their in-
vestments respectively. µ(s) ∈ ∆([z, z]) denotes the probability distribution conditional
on s ∈ R+. With a slight abuse of notation, if µ(s) is a degenerate probability distribution,
it denotes a seller’s type conditional on her investment s, i.e., µ(s) ∈ [z, z]. Analogously,
ρ(b) ∈ ∆ ([x, x]) denotes the probability distribution conditional on b ∈ R+: If ρ(b) is a
degenerate probability distribution, it denotes a buyer’s type conditional on his invest-
ment b, i.e., ρ(b) ∈ [x, x]. In a separating equilibrium, µ(σ(z)) = z for all σ(z) ∈ S\{0}
and ρ(β (x)) = x for all β (x) ∈ B\{0}.

We now formulate the notion of equilibrium for pre-match investment competition.

2.2.1 Ex-post matching

First consider the ex-post matching stage given investment choices made prior to entering
the market. To see whether a strategically behaved individual has incentives to deviate
his/her investment choice from the equilibrium level before entering the market, we need
to consider ex-post matching both when no one deviates from his/her equilibrium invest-
ment choices and when a single individual unilaterally deviates from his/her equilibrium
investment.

Let us take (β, ρ, σ, µ) as the investment choices made by everyone, except for one indi-
vidual, either a buyer or seller, and posterior beliefs on their types. Equilibrium matching
given (β, ρ, σ, µ) is characterized by a matching function m and a transfer schedule τ. We
are interested in a monotone equilibrium where σ is non-decreasing. We first consider the
optimal matching decision for a seller with s for all s ∈ R+. Define s∗ as

s∗ = inf {S\{0}} . (2)
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Therefore, s∗ is the lowest investment level chosen by a seller among those with positive
investments. Given s∗, her talent (i.e., investment and posterior belief on type as a whole)
is perceived to be the lowest among those sellers with positive investments. Because a
seller with no partner would not invest, the seller with s∗ is one with lowest investment
among those sellers with partners.

Remark 1 (Alternative formulation of s∗) We can also formulate s∗ as the type of the seller
who receive the lowest amount of transfer among those sellers who receive positive amounts, that
is,

s∗ = arg inf
s∈S

{τ(s) ∈ T : τ(s) > 0} . (3)

This approach does not impose the monotonicity of the seller’s equilibrium investment schedule, σ.
Given Assumption 2.1, the two approaches generate the same value of s∗.

Suppose that one seller deviates and chooses the investment level other than her equi-
librium level. If her equilibrium investment level is greater than s∗, this one seller’s de-
viation would not change the matching utility that any buyer with a partner receives.
However, if her equilibrium investment level is exactly s∗, a reduction in her investment
below s∗ can create negative externalities to her partner. Suppose that there is only one
seller whose investment level is s∗ and her partner is not matched with anyone else in
equilibrium. Since her partner is only able to match with the seller with s∗ in equilibrium,
he cannot be matched with a seller with s > s∗.

In this case, if the seller with s∗ exists the market, her partner’s outside option at
the matching stage is either to stay unmatched or to be matched with a seller with no
investment (if there is such a seller) to get the surplus created with the seller with no
investment net of paying max[0, inf T]. Therefore, the deviation by the seller with s∗ to
lower her investment can change the matching utility for the buyer who is matched with
her, whereas it still does not change the matching utilities for any other buyers. This
strategic consideration should be present even in a large market and we incorporate such
a strategic consideration in a seller’s matching problem (5), the second type of a seller’s
matching problem.

Throughout the paper, Eµ(s) [·] is the expectation operator over z given the probability
distribution µ(s) ∈ ∆ ([z, z]) . If µ(s) is a degenerate probability distribution, then we have
that Eµ(s) [v (b, x, s, z)] = v (b, x, s, µ(s)).

Consider the first type of a seller’s matching problem: For the seller with s = 0 or
s ≥ s∗, the matching problem is

max
(b,t)∈B×T

t subject to (4)

(i-A) if m−1(b) = ∅, ∃x ∈ [x, x] with β(x) = b and

Eµ(s) [v (b, x, s, z)]− t ≥ 0
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(i-B) otherwise, ∃x ∈ [x, x] with β(x) = b and

Eµ(s) [v (b, x, s, z)]− t ≥ Eµ(m−1(b))

[
v
(

b, x, m−1(b), z
)]
− τ

(
m−1(b)

)
,

(ii)
t ≥ 0.

The expressions on the right hand sides of inequalities in constraints (i-A) and (i-B)
are the utilities that the seller with s has to ensure if she wants to be matched with those
buyers. For example, if m−1(b) = ∅, then the buyer is unmatched so he is willing to
be matched with the seller if the matching utility is non-negative. Constraints (i-A) and
(i-B) reflect that even if the seller’s investment s is not her equilibrium investment, it does
not create any externalities on the utilities that she has to ensure for her potential partner.
The investment costs are sunk at the matching stage, so getting a non-negative amount
of transfer is at least as good as staying unmatched for nothing: This is the individual
rationality condition in constraint (ii). If Problem (4) does not admit a solution, the seller
with s 6= s∗ stays unmatched.

The matching problem for the seller with s ∈ (0, s∗) is

max
(b,t)∈B×T

t subject to (5)

(i’-A) if m−1(b) = s∗ and,
G ({z ∈ [z, z] : σ(z) = s∗}) = H

({
x ∈ [x, x] : β(x) = b s.t. m−1(b) = s∗

})
= 0, then ∃x ∈

[x, x] with β(x) = b

Eµ(s) [v (b, x, s, z)]− t ≥ max
[
Eµ(0) [v (b, x, 0, z)]−max[0, inf T], 0

]
, (6)

(i’-B) if m−1(b) = ∅, ∃x ∈ [x, x] with β(x) = b and

Eµ(s) [v (b, x, s, z)]− t ≥ 0,

(i’-C) otherwise, ∃x ∈ [x, x] with β(x) = b and

Eµ(s) [v (b, x, s, z)]− t ≥ Eµ(m−1(b))

[
v
(

b, x, m−1(b), z
)]
− τ

(
m−1(b)

)
.

(ii)
t ≥ 0

Constraint (i’-A) reflects the externalities created by the deviation of the seller who
originally has s∗ but lowers her investment when the measure of sellers with s∗ and the
measure of buyers who are matched with the seller with s∗ are both zero. If she lowers
her investment, the options available for the buyer who is matched with the seller with
s∗ is either to stay unmatched and get zero matching utility or to match with a seller
with no investment. If he is matched with a seller with no investment, the surplus is

10



Eµ(0) [v (b, x, 0, z)] and the transfer to the seller is max[0, inf T]. This transfer is zero if
there is no restriction on the lower bound of transfers, but it is inf T = t` if there is the
restriction on the lower bound t` > 0.

As long as the seller can provide the matching utility as high as the maximum between
Eµ(0) [v (b, x, 0, z)]−max[0, inf T] and 0, the buyer is still willing to be matched with the
seller. The utilities that the seller has to ensure for her potential partner, expressed on the
right hand side of the two inequalities in (i’-B) and (i’-C), are the same as the correspond-
ing expressions in (i-A) and (i-B) if that potential partner is not the buyer who is matched
with the seller with s∗. Analogous to Problem (4), constraint (ii) is the seller’s individual
rationality condition at the matching stage. If Problem (5) does not admit a solution, the
seller with s < s∗ stays unmatched.

For the buyer’s matching problem, note that the amount of transfer to a seller from a
buyer upon being matched cannot go below min T. Suppose that there is a restriction on
the lower bound of transfer t` > 0. Then, min T = t` > 0. Subsequently, the buyer who is
currently matched with the seller with s∗ cannot push her matching payoff down to zero
but instead he has to ensure that she gets t` in any cases. This makes a buyer’s matching
problem simpler. For a buyer of type x ∈ [x, x] with any b ∈ R+, his matching problem,
as a residual claimant, is

max
(s,t)∈S×T

Eµ(s) [v (b, x, s, z)]− t subject to (7)

(i-A) if m(s) = ∅, then
t ≥ max [0, inf T] ,

(i-B) if m(s) 6= ∅, then
t ≥ τ(s),

(ii)
Eµ(s) [v (b, x, s, z)]− t ≥ 0.

Constraints (i-A) and (i-B) show the matching utility that a buyer needs to provide to
a seller with s if he wants to be matched with her. They show that no buyer’s deviation
at the matching stage imposes externalities on any seller. Constraint (ii) is the individual
rationality condition for the buyer at the matching stage. At this matching stage, the
investment costs are sunk and the buyer is willing to be matched with a seller instead of
being unmatched as long as the surplus net of transfer to the seller is non-negative. If the
matching problem (7) does not admit a solution, the buyer with b remains unmatched.

2.2.2 Ex-ante investment

Now consider the pre-match investment problems. Given the correct expectation on the
transfer schedule τ, the investment problem for the seller of type z ∈ [z, z] is

max
s∈R+

[τ(s)− c(s, z)] s.t. τ(s)− c(s, z) ≥ 0. (8)
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Note that the constraint is the individual rationality condition for a seller at the invest-
ment stage. Let σ : [z, z] → R+ characterize the solution for the seller’s investment
problem (8), that is, σ(z) is a solution for problem (8) faced by the seller of type z for all
z ∈ [z, z].

A seller makes an optimal investment simply given the transfer schedule τ as formu-
lated in (8). For the optimal investment decision, a buyer needs a fine tuning on the belief
µ on the sellers’ types, the transfer schedule τ, and the highest level of the seller’s in-
vestment. To see this, first note that a buyer is the residual claimant of the surplus once
he is matched with a seller. Therefore, he will make a constrained efficient investment
conditional on s (and µ(s)). Let

be(x, s) ∈ arg max
b∈R+

[
Eµ(s) [v(b, x, s, z)]− e(b, x)

]
(9)

denote a constrained efficient investment for the buyer of type x given s ∈ S. Note that if
µ(s) is a degenerate probability distribution, be(x, s) = γ(x, s, µ(s)), where

γ(x, s, µ(s)) ∈ arg max
b∈R+

[v(b, x, s, µ(s))− e(b, x)] .

The investment problem for the buyer of type x comes down to the choice of the in-
vestment chosen by a seller. That is, he first chooses s ∈ S and subsequently his in-
vestment be(x, s). Generally, S, the set of investments chosen by all sellers, may not be
convex: For example, in the equilibrium with bounded transfers derived later in this pa-
per, S takes the form of {0} ∪ [s1, s2) ∪ {s3} with 0 < s1 < s2 < s3 < ∞. While the choice
of s ∈ S is perfectly fine in terms of the buyer’s optimal investment choice problem, we
like the investment choice to be robust to the possibility that a buyer might mistakenly
believe that there are sellers with s < sup S and s /∈ S. For this robustness, we take the
buyer’s investment problem as the choice of s in the convex hull of S, denoted by co(S).
This means that buyers have the correct belief on the supremum of S, i.e., the highest level
of the seller’s investment. The correct belief on the highest level of the seller’s investment
is indeed indispensable when there is an upper bound of transfers to sellers. Otherwise,
a buyer may believe that he can be matched with a seller with an extremely high level of
investment by paying the upper bound of transfers th.

Finally, the buyer’s investment problem is to solve

max
s∈co(S)

[
Eµ(s) [v(be(x, s), x, s, z)]− e(be(x, s), x)− τ(s)

]
s.t. Eµ(s) [v(be(x, s), x, s, z)]− e(be(x, s), x)− τ(s) ≥ 0. (10)

The buyer’s investment problem in (10) assumes that the buyer has correct expectations
on the belief on the seller’s type µ, the transfer schedule τ, and co(S). Note that co(S) can
be specified if the buyer correctly foresees the highest level of the seller’s investment. The
constraint is the individual rationality condition for the buyer at the investment stage.
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Let ξ(x) ∈ co(S) be a solution for the buyer’s investment problem (10) faced by the
buyer of type x. If ξ(x) exists, the buyer’s investment becomes be(x, ξ(x)). If the buyer’s
investment problem (10) does not admit a solution, he makes no investment. Note that
the buyer’s investment problem (10) reflects the fact that the buyer is the residual claimant
in the match.

2.2.3 Equilibrium

We now provide the definition of an equilibrium of pre-match investment competition,
followed by stable matching.

Definition 1 {σ, ρ, β, µ, τ, m} constitutes a (monotone) equilibrium of pre-match investment
competition if

1. for all z ∈ [z, z], σ(z) is non-decreasing and solves (8), and for all x ∈ [x, x], β (x) =
be(x, ξ(x)).

2. beliefs are formed according to Bayes’ rule whenever possible,

3. given (σ, µ, β, ρ) , {τ, m} satisfies

(a) for every b ∈ B and every x with β(x) = b if (7) admits no solution, m−1(b) = ∅;
otherwise [m−1(b), τ

(
m−1(b)

)
] solves (7) and

(b) for every s ∈ S and every z with σ(z) ≥ s∗ (every z with σ(z) < s∗) if (4) ((5)) admits
no solution, m(s) = ∅; otherwise [b, τ (s)] solves (4) ((5)) for all b ∈ m(s).

(c) For all s ∈ S such that m(s) 6= ∅

H ({x : β(x) ∈ m(s)}) = G ({z : σ (z) = s}) .

In Definition 1, conditions 1 and 2 require optimal investment decisions and 3 states
that given their equilibrium investment choices and beliefs, no one has incentives to
change his/her partner or the amount of transfer in his/her match if he/she follows
the matching decision according to τ and m. In essence, the notion of an equilibrium
of pre-match investment is similar to perfect Bayesian equilibrium, which we tailor to our
framework with the feasibility condition in the matching market (3.c of Definition 1). In
our notion of equilibrium, a strategically behaved individual finds no profitable deviation
in the matching stage or the investment stage.

Our benchmark equilibrium is a separating equilibrium without restrictions. For a
separating equilibrium, the following additional requirements are needed: (i) σ(z) 6=
σ(z′) if z 6= z′, σ(z) > 0 and σ(z′) > 0 and (ii) β (x) 6= β (x′) if x 6= x′, β (x) > 0, and
β (x′) > 0.
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3 Equilibrium with Lower Bound of Transfers

We first consider the separating equilibrium only with a restriction on the lower bound
of transfers, t` > 0. Therefore, the codomain of the transfer schedule τ is T ∪ {0} with
T = [t`, ∞).

Suppose that the measure of sellers with s∗ and the measure of buyers who are matched
with those sellers are both zero. The externality created by the seller with s∗ makes her
partner still want to be matched with her, even when she lowers her investment below s∗.
The reason is that the alternative for her partner is simply either to be unmatched or to
be matched with a seller with no investment by transferring t`. Before taking its related
issues on the existence of an equilibrium, we first present the equilibrium outcome.

3.1 Equilibrium outcome

Let z` be the type of the seller in the bottom match in the equilibrium with the restriction
on the lower bound of transfers. We focus on the case where t` is binding in the sense
that potential matches in the bottom tail of the economy are not formed due to the lower
bound of transfers. To identify the bottom match in the equilibrium with the restriction
on the lower bound, we can solve the system of equations below for s and z given t`:

v (γ (n (z) , s, z) , n (z) , s, z)− t` − e (γ (n (z) , s, z) , n (z)) = 0, (11)
t` − c (s, z) = 0. (12)

Let s` and z` be the solution for s and z from the system of equations above. In fact, s` is
the same as s∗ defined in (2).

Let z◦ be the type of the seller such that H([x, x]) = G ([z◦, z]). Because there are more
sellers than buyers, z◦ is the type of seller who is in the bottom match in the equilibrium
with no restrictions on transfers. For all z ≥ z◦,

H([n(z), x]) = G ([z, z]) . (13)

Given z`, let x` := n(z`). As shown later in Proposition 1, x` is the type of the buyer who is
matched with the seller of type z` in the bottom match. s` is the investment chosen by the
seller of type z`. Because the buyer is the residual claimant in his match and the type of a
seller with a partner is fully revealed in a separating equilibrium, the investment chosen
by a buyer who is matched is constrained efficient. This implies that the investment
chosen by the buyer of type x` is b` := γ (x`, s`, z`) .

The expressions on the left hand sides of (11) and (12) cannot be negative because
each individual’s reservation utility is zero. If either one of them, e.g., (11), is positive,
then a buyer whose type is below but arbitrarily close to x` finds it profitable to make an
investment to be matched with the seller of type z` instead of staying out of the matching
market with no investment. Therefore, the expressions on the left hand sides of (11) and
(12) must be both equal to zero as shown above.
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For a close look at the solution (s`, z`), let

Λ(s, z) := v (γ (n (z) , s, z) , n (z) , s, z)− e (γ (n (z) , s, z) , n (z)) , (14)

so that (11) becomes Λ(s, z)− t` = 0.
Consider the buyer’s indifference curve {(s, z) ∈ R+ × [z, z] : Λ(s, z)− t` = 0}. Ap-

plying the envelop theorem for the constrained efficient investment γ (n (z) , s, z), we can
derive the slope of the indifference curve as

dz
ds

= −Λs

Λz
= − vs

vxn′ + vz − exn′
< 0. (15)

On the other hand, {(s, z) ∈ R+ × [z, z] : t` − c(s, z) = 0} is the seller’s indifference curve
based on (12) and its slope is

dz
ds

= − cs

cz
> 0. (16)

(15) and (16) imply that the two indifference curves intersect at most once and the inter-
section becomes a unique solution for the system of equations, (11) and (12). Let sb

`(z) be
defined by Λ(sb

`(z), z) − t` = 0 and ss
`(z) by t` − c(ss

`(z), z) = 0. If ss
`(z◦) < sb

`(z◦) and
ss
`(z) > sb

` (z), then we have the intersection of the two indifference curve at (z`, s`) with
z◦ < z` < z. This is the case we focus on.

Proposition 1 below provides the investment schedules and the characterization of
matching observed on the equilibrium path. Since our objective is to establish the equi-
librium with bounded transfers (Theorem 1), we do not provide off-the path beliefs and
transfers in Proposition 1.

For any single-variable function f , let f ′denote the first-order derivative. Let f ′+ and
f ′− be the right-hand and left-hand derivatives respectively. For any multi-variable func-
tion f , let fa be the first-order partial derivative with respect to a. Let fa+ and fa− be the
right-hand and left-hand derivatives respectively.

Proposition 1 An equilibrium
{

β̃, ρ̃, σ̃, µ̃, τ̃, m̃
}

of pre-match investment competition with the
lower bound of transfers t` is characterized by the following properties.

1. σ̃ (z) is strictly increasing and σ̃(z`) = s`. σ̃(z) also satisfies

τ̃′+(σ̃(z`))− cs+(σ̃(z`), z`) = 0 (17)
τ̃′(σ̃(z))− cs(σ̃(z), z) = 0 if z ∈ (z`, z) (18)

τ̃′−(σ̃(z))− cs−(σ̃(z), z) = 0 (19)

For all s ∈ S\{0} = [s`, σ̃ (z)], the posterior belief is µ̃(s) = σ̃−1(s), where σ̃−1(s)
satisfies σ̃(σ̃−1(s)) = s for all s ∈ [s`, σ̃ (z)]

2. β̃(x) is strictly increasing for all x ≥ x`. For x ∈ [x`, x], β̃(x) is determined by

vb

(
β̃(x), x, m̃−1 (β̃(x)

)
, µ̃
(

m̃−1 (β̃(x)
)))
− eb(β̃(x), x) = 0 (20)
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For all b ∈ B\{0} =
[
b`, β̃(x)

]
, the posterior belief is ρ̃(b) = β̃

−1
(b), where β̃

−1
(b)

satisfies β̃(β̃
−1

(b)) = b for all b ∈
[
b`, β̃(x)

]
3. τ̃ satisfies that, for s = s`

τ̃′+ (s) = vs (m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s)) + vz(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s))µ̃′+ (s) , (21)

for s ∈ (s`, σ̃ (z))

τ̃′ (s) = vs(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s)) + vz(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s))µ̃′ (s) , (22)

and for s = σ̃ (z)

τ̃′− (s) = vs(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s)) + vz(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s))µ̃′− (s) (23)

with τ̃(s◦) = t◦ = c (s◦, µ̃(s◦))

4. m̃ satisfies that for all z ∈ [z`, z],

β̃(x) = m̃ (σ̃ (z)) with H([x, x]) = G ([z, z]) . (24)

Proof. See Appendix A.

In (21), (22), (23), the last term represents the information rent, which makes sellers of
type above z◦ invest inefficiently more.

3.2 A close look at equilibrium

3.2.1 The bottom match problem

It is important to note that (11) and (12) are only sufficient for those sellers and buyer
whose types are below z` or x` not to make investments to be matched with the buyer or
seller in the bottom match. Does the buyer or seller in the bottom match have incentives
to reduce his/her investment?

Let us first start with the case where sellers’ types are publicly observable. In this case,
the seller’s matching problems, (4) and (5), should be modified as ones that a seller of
type z with investment s faces because the seller’s type is observable.8 For example, (5)
should be reformulated as the matching problem for the seller of type z with s ∈ (0, s∗)
and σ(z) = s∗

max
(b,t)∈B×T

t subject to (25)

(i’-A) if m−1(b) = s∗ and,

8The buyer’s matching problem, the definition of an equilibrium can be adjusted for the case where
sellers’ types are observable.
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G ({z ∈ [z, z] : σ(z) = s∗}) = H
({

x ∈ [x, x] : β(x) = b s.t. m−1(b) = s∗
})

= 0, then ∃x ∈
[x, x] with β(x) = b and

v (b, x, s, z)− t ≥ max
[
v
(
b, x, 0, z′

)
−max[0, inf T], 0

]
, for some z′ s.t. σ(z′) = 0. (26)

(i’-B) if m−1(b) = ∅, ∃x ∈ [x, x] with β(x) = b and

v (b, x, s, z)− t ≥ 0,

(i’-C) otherwise, ∃x ∈ [x, x] with β(x) = b and

v (b, x, s, z)− t ≥ v
(

b, x, m−1(b), z′
)
− τ

(
m−1(b)

)
for some z′ s.t. σ(z′) = m−1(b).

The matching problem above is the one faced by the seller who would have made invest-
ment s∗, following σ, but deviates to lower her investment. In particular, the inequality
in constraint (i’-A) reflects the externalities that could be imposed on the buyer who is
matched with that seller. The externalities lead to the non-existence of an equilibrium
when sellers’ types are observable.

Proposition 2 No equilibrium exists when sellers’ types are publicly observable.

Proof. Assume that sellers’ types are publicly observable. Then, the equilibrium out-
comes must satisfy Proposition 1, except for Condition 3 where the marginal transfers,
τ̃′+ (s) , τ̃′ (s) , and τ̃′− (s) are only equal to the direct productivity effect of the investment,

vs(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s)),

which is the first term on the right-hand sides of (21), (22), and (23). It is also important to
note that even when the sellers’ types are publicly observable, (11) and (12) must be sat-
isfied at (b`, x`, s`, z`) to prevent sellers or buyers without partners from making positive
investments.

According to the definition of s∗ that was used in formulating the notion of equilib-
rium, s` is equal to s∗. The seller of type z` is the seller who makes investment s`. Suppose
that the seller of type z` reduces her investment by ε > 0. Given her investment s` − ε,
she faces the matching problem (25). The seller of type z` and the buyer of type x` are in
the bottom match. Suppose that the seller with s`− ε wants to be matched with the buyer
with b`. Given that both H and G are differentiable, the measure of sellers with s` and the
measure of buyers with b` are both zero. Therefore, it is the case of (i’-A) in the matching
problem (25). (26) is satisfied if

v (b`, x`, s` − ε, z`)− t ≥ max

[
sup
z<z`

v (b`, x`, 0, z)−max[0, inf T], 0

]
, (27)

because those sellers of type below z` have no investment.
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The left-hand side in (27) is the matching utility for the buyer with b` when he is
matched with the seller of type z` with s` − ε and transfers t ∈ T to the seller. In this
case the seller’s matching utility is t and her overall utility is t− c(s` − ε, z`). If the buyer
of type x` with b` wants to be matched with the seller with s` − ε, the left-hand side
must be greater than the maximum between the utilities from the two alternatives: one
is matching with a seller with no investment and the other is staying unmatched for zero
matching utility. Because inf T = t` > 0, max[0, inf T] = t`. The highest matching utility
for the buyer by matching with a seller with no investment is

sup
z<z`

v (b`, x`, 0, z)− t`.

Suppose that supz<z`
v (b`, x`, 0, z)− t` > 0. It is clear that there exist ε > 0 and t ≥ t`,

which satisfy (27). That is,

v (b`, x`, s` − ε, z`)− t ≥ sup
z<z`

v (b`, x`, 0, z)− t`

Suppose that supz<z`
v (b`, x`, 0, z) − t` ≤ 0. Then there still exist ε > 0 and t ≥ t` that

satisfy (27). That is,
v (b`, x`, s` − ε, z`)− t ≥ 0.

To see this, note that

v (b`, x`, s` − ε, z`)− t` = v (b`, x`, s` − ε, z`)− (v (b`, x`, s`, z`)− e(b`, x`)) > 0. (28)

The equality holds because (11) holds at (b`, x`, s`, z`). Because e(b`, x`) > 0, we can
choose a small ε > 0 that makes the last inequality hold. (28) implies that given a small
ε > 0, there exists t ≥ t` satisfying v (b`, x`, s` − ε, z`)− t ≥ 0.

The argument above shows that there exists an investment level s′ = s` − ε for the
seller of type z` that makes her partner in the bottom match still want to be matched with
her by transferring t = t`. Therefore, the admissible equilibrium transfer schedule must
satisfy τ̃(s′) ≥ t` for some s′ < s`. Then, the seller with s` will choose s′ at the investment
stage because τ̃(s′)− c(s′, z`) > τ̃(s`)− c(s`, z`) = t` − c(s`, z`). This contradicts that s`
is the equilibrium investment chosen by the seller of type z`.

If the types of sellers are not observable as assumed in our paper, it is arbitrary to
construct a belief µ̃(s) ∈ ∆ ([z, z]) on the seller’s type, conditional on s, which is not
observed in the equilibrium. Suppose that the seller of type z` lowers her investment to
s ∈ (0, s`) in the case where sellers’ types are unobservable. This is the case of (i’-A) in
the seller’s matching problem (5), where such a deviation creates the externalities on the
buyer who is matched with the seller in the bottom match.

Upon matching with a seller with s ∈ (0, s`) by transfering t` to her, the (expected)
matching utility for the buyer of type x` at the matching stage is

Eµ̃(s) [v (b`, x`, s, z)]− t`, (29)
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where µ̃(s) can be arbitrary since s ∈ (0, s`) is off the equilibrium path. If there exists a
µ̃(s) that makes (29) negative, then there is no way which would make the buyer of type
x` willing to be matched with a seller with s ∈ (0, s`). This prevents the seller with s`
from lowering her investment to s ∈ (0, s`) . That is, (6) in (i’-A) in the seller’s matching
problem (5) fails to be satisfied.

If the following set,

F := {F ∈ ∆ ([z, z]) : EF [v (b`, x`, s`, z)]− t` ≤ 0} , (30)

is non-empty, then there exists µ̃(s) that makes (29) negative. Because any F in F satisfies
EF [v (b`, x`, s`, z)]− t` ≤ 0, it is clear that for any s < s`, we have

EF [v (b`, x`, s, z)]− t` < 0.

Thus, we can choose any F in F for µ̃(s) such that (29) is negative, which means that
the buyer of type z` is not willing to be matched with a seller with s < s`. Therefore, the
sufficient condition for the bottom match seller of type z` not to reduce her investment to
s ∈ (0, s`) is the existence of non-empty F .

For any s, the most pessimistic belief is a degenerate belief that puts all the probability
weights on z. Therefore, if

v (b`, x`, s`, z)− t` ≤ 0, (31)

then F is non-empty. If z = 0 and v (b, x, s, 0) = 0 for all (b, x, s) (i.e., a seller’s positive
type is necessary for positive surplus), then the expression on the left-hand side of (31) is
always negative and hence F is non-empty.

3.2.2 How to derive equilibrium outcome

Let us show how to derive the investments and transfers observed in equilibrium. First,
note that the buyer’s constrained efficient investment is determined by (20) once his type,
his partner’s type, her investment s and transfer t to her are all given. Condition 4 in
Proposition 1 implies that matching is assortative in terms of both investments and types
because investment schedules β̃ and σ̃ are increasing in the range of investments observed
in equilibrium.

Given (s, z) with z ≥ z`, the constrained efficient investment β̃(n (z)) = γ(n(z), s, z)
for the buyer of type n(z) satisfies (20), i.e.,

vb (γ(n(z), s, z), n(z), s, z)− eb (γ(n(z), s, z), n (z)) = 0.

Combining (17) and (21) yields that for s = s`,

vs(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s)) + vz(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s))µ̃′+ (s)− cs+ (s, z`) = 0, (32)
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whereas combining (19) and (23) yields that for s = σ̃ (z),

vs(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s)) + vz(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s))µ̃′− (s)− cs− (s, z) = 0. (33)

Finally, combining (18) and (22) yields that for s ∈ (s`, σ̃ (z)),

vs(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s)) + vz(m̃(s), ρ̃ (m̃(s)) , s, µ̃ (s))µ̃′ (s)− cs (s, z) = 0. (34)

As shown below, we derive the posterior belief µ̃ by keeping track of its derivatives,
starting from z` and up until z, so we only need the right-hand derivative at z` = µ̃(s`)
and the left-hand limit at z = µ̃(σ̃(z)). For notational consistency, we replace the right-
hand derivatives in (32) and the left-hand derivatives (33) with the notations of the corre-
sponding derivatives in (34) and use (34) as the base equation in deriving the first-order
differential equation for µ̃.9

Given investment s chosen by the seller of type z, µ̃ (s) = z, ρ̃ (m̃(s)) = n(z) and
m̃(s) = γ(n(z), s, z) on the equilibrium path. Therefore, we can derive the first-order
differential equation for µ̃ from (34) as follows.

µ̃′ = φ(s, z), (35)

where

φ(s, z) :=
− [vs (γ(n(z), s, z), n(z), s, z)− cs (s, z)]

vz (γ(n(z), s, z), n(z), s, z)
. (36)

If φ(·, ·) is continuous in z and Lipshitz continuous in s, then the first-order differential
equation has the unique solution for σ̃ given the initial condition (s`, z`) according to the
Picard-Lindelof Theorem (See Teschl (2012)). Then, σ̃(z) for all z ∈ [z`, z] is determined
by σ̃(z) = µ̃−1(z) for all z ∈ [z`, z], where µ̃−1(z) is the type of seller that satisfies z =
µ̃
(
µ̃−1(z)

)
for all z ∈ [z`, z]. Subsequently. β̃(x) for all z ∈ [z`, z] is determined according

to
β̃ (x) = γ

(
x, σ̃

(
n−1 (x)

)
, n−1 (x)

)
, (37)

for all x ∈ [x`, x], where n−1 (x) is the type of the seller that satisfies x = n
(
n−1 (x)

)
for

all x ∈ [x`, x]. For all b ∈ [b`, β̃ (x)], ρ̃(b) = β̃
−1

(b) , where β̃
−1

(b) is the type of the buyer
that satisfies x = β̃

−1 (
β̃ (x)

)
given b ∈ [b`, β̃ (x)].

9Note that c is differentiable everywhere so that the left-hand derivative is equal to right-hand derivative
everywhere. However, µ̃ may not be differentiable at s = s` or σ̃ (z), even though it is continuous at
those points. The differentiability at those points depends on how to specifies µ̃ off the equilibrium path.
Therefore, replacing µ̃′+ (s`) with µ̃′(s`) and µ̃′−(σ̃ (z)) with µ̃′(σ̃ (z)) is purely for the notional consistency
with the corresponding derivatives at s ∈ (s`, σ̃ (z)). Therefore, µ̃′ (s`) only refers to µ̃′+ (s`) and µ̃′(σ̃ (z))
to µ̃′−(σ̃ (z)).
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For s ∈ [s`, σ̃(z)], we can derive the matching function m̃ according to10

m̃(s) = β̃
(

n
(

µ̃−1(s)
))

. (38)

Finally, consider transfers. We replace the right-hand derivatives in (21) and the left-
hand derivatives in (23) with the corresponding notations of the derivatives for notational
consistency.11 Then, for s ∈ [s`, σ̃(z)], we can derive the transfers by integrating the right-
hand-side of (22) with the initial condition with τ̃(s`) = t`

τ̃(s) =
∫ s

s`

[
vs(m̃(y), ρ̃ (m̃(y)) , y, µ̃ (y)) + vz(m̃(y), ρ̃ (m̃(y)) , y, µ̃ (y))µ̃′ (y)

]
dy + t`. (39)

3.3 A rat race

Equilibrium with no restrictions on transfers It is clear that without restrictions on
transfers, all buyers are matched with sellers in a (separating) equilibrium because they
are on the short side of the market. Therefore, the type of seller in the bottom match in
equilibrium without restrictions on transfers is z◦ that satisfies

H([x, x]) = G ([z◦, z]) .

In the equilibrium without restrictions on transfers, both the seller and the buyer in the
bottom match make bilaterally efficient investment, s◦ and b◦ respectively:

(s◦, b◦) ∈ arg max
(s,b)∈R2

+

[v(b, x, s, z◦)− c(s, z◦)− e(b, x)] .

This is because there is no information rent for the seller in the bottom match. Given
the utility that must be ensured for his/her partner and the partner’s investment, a buyer
or seller in the bottom match can increase their utility if their investment is not con-
strained efficient. If both individuals’ investments are constrained efficient given fully
revealed types, they are bilaterally efficient. Since sellers are on the long side of the mar-
ket, the transfer t◦ to the seller of type z◦ is determined at the point where her utility is
zero:

t◦ − c(s◦, z◦) = 0.

The equilibrium outcomes in the equilibrium without restrictions on transfers, denoted
by {β, ρ, σ, µ, τ, m}, can be characterized by Conditions 1, 2, 3, and 4, Proposition 1 with
the different set of initial values, (z◦, x, s◦, b◦, t◦) that specifies the types of the seller and
buyer, their investments and the transfer to the seller in the bottom match.

10Those unmatched sellers make no investment, i.e., s = 0. Therefore, matching occurs for only those
sellers whose investment is non-zero.

11τ̃ may not be differentiable at s = s` or s = σ̃ (z) even if it is continuous at these points. The differen-
tiability at these points depends on how τ̃ is constructed off the equilibrium path. Therefore, τ̃′(s`) only
refers to τ̃′+(s`) and τ̃′ (σ̃ (z)) to τ̃′− (σ̃ (z)).
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Altering the posterior belief with the restriction on the lower bound of transfer Note
that the posterior beliefs µ and µ̃ on the seller’s type are derived by solving the differential
equation (35) with different initial values, (s◦, z◦) for the case of no restrictions on trans-
fers and (s`, z`) for the case of a restriction on the lower bound of transfers. As shown
below in Lemma 1, the seller in the bottom match with the restriction on the lower bound
of transfers makes more investment than she does without restrictions, i.e., s` > σ(z`).
Because σ(z`) is already greater than the constrained efficient investment, vs − cs evalu-
ated with the initial values for the case of the restriction on the lower bound of transfers is
negative. This means that there is information rent for the seller in the bottom match with
µ̃′(s`) > 0 given the differential equation (35) with (36). With no restrictions on transfers,
the investment chosen by the seller in the bottom match is constrained efficient and hence
there is no information rent with µ′(s◦) = 0 given the differential equation (35) with (36).
Further, each component in the initial values (s`, z`) for the differential equation for µ̃ is
greater than the corresponding component in the initial values (s◦, z◦) for the differential
equation for µ. Therefore, we can see that imposing the lower bound of transfers alters
the entire posterior belief. In that sense, imposing the lower bound of transfers has a role
of designing endogenous market information on types. Such a change in the posterior
belief subsequently alters the whole equilibrium outcome.

Rat race in the bottom tail of the match distribution In order to see the impact of the
restriction on the lower bound of transfers, it is important to compare investments chosen
both by the seller and the buyer in the bottom match with the restriction with those chosen
by them without. We can also compare the amount of transfer to the seller in the bottom
match with the restriction and without.

Let U(z) and Π(x) be the equilibrium utilities of the seller of type z and the buyer of
type x in the original equilibrium {β, ρ, σ, µ, τ, m} without restrictions on transfers. On
the other hand, let Ũ(z) and Π̃(x) be the equilibrium utilities of the seller of type z and
the buyer of type x in the equilibrium {β̃, ρ̃, σ̃, µ̃, τ̃, m̃} with the restriction on the lower
bound of transfers to sellers.

Lemma 1 We have that s` > σ(z`), b` > β (x`), v(b`, x`, s`, z`) > v(β (x`) , x`, σ(z`), z`), and
t` > τ(σ(z`)). However, Ũ(z`) < U(z`) and Π̃(x`) < Π(x`).

Proof. Recall that σ(z`), β (x`), and τ(σ(z`)) are the investments chosen by the seller of
type z` and the buyer of type x` and the amount of transfer to the seller of type z` in the
equilibrium with no restrictions on transfers, whereas s`, b` and t` are the corresponding
investments and the amount of transfer in the equilibrium with the restriction on the
lower bound on transfers. Let

Φ(s, z) := v (γ (n (z) , s, z) , n (z) , s, z)− e (γ (n (z) , s, z) , n (z))− c (s, z) ,

that is, the sum of the left hand sides of (11) and (12). We have that Φ(s`, z`) = 0. Once
we fix z` only, we can view Φ(s, z`) as a function of s given z`.
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Let U(z) and Π(x) be the equilibrium utilities of the seller of type z and the buyer of
type x in the original equilibrium with no restrictions. By the envelop theorem, U′(z) =
−cz(σ(z), z) > 0 for all z > z◦ and Π′(x) = −ex(β(x), x) > 0 for all x > x. The positive
sign of U′(z) leads to

U(z`) > 0 (40)

because U(z◦) ≥ 0 and z` > z◦. Similarly, the positive sign of Π′(x) leads to

Π(x`) > 0 (41)

because Π(x) ≥ 0 and x` > x.
Because U(z`) > 0 and Π(x`) > 0, we have

U(z`) + Π(n(z`)) = Φ(σ(z`), z`) > 0 (42)

Because γ (n (z`) , s, z`) is increasing in s, v is bounded, and

lim
s→∞

c(s, z) = lim
b→∞

e(b, x) = ∞,

we have that
lim
s→∞

Φ(s, z`) = −∞. (43)

Because the solution (s`, z`) to (11) and (12) is unique, (42) and (43) imply that Φ(s, z`) = 0
is reached at s = s` > σ(z`).

Because γ (n (z`) , s, z`) is increasing in s, it is clear that s` > σ(z`) yields

b` = γ (n (z`) , s`, z`) > γ (n (z`) , σ(z`), z`) = β (x`) .

Because s` > σ(z`) and b` > β (x`) , we have that

v(b`, x`, s`, z`) > v(β (x`) , x`, σ(z`), z`). (44)

Given the definition of Λ(s, z) in (14), Π(x`) = Λ(σ(z`), z`)− τ(σ(z`)). Because Π(x`) >
0, we have that

Λ(σ(z`), z`) > τ(σ(z`)), (45)

whereas (11) implies that
Λ(s`, z`) = t` (46)

Applying the envelope theorem yields Λs(s, z`) = vs > 0. Because s` > σ(z`), Λs(s, z`) >
0 implies that

Λ(s`, z`) > Λ(σ(z`), z`) (47)

Combining (45), (46), and (47), we can show that t` > τ(σ(z`)).
Because the utilities for the seller of type z` and the buyer of type x` in the bottom
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match satisfy (11) and (12), we have that

Ũ(z`) = Π̃(x`) = 0. (48)

Combining (40), (41), and (48), we can show that Ũ(z`) < U(z`) and Π̃(x`) < Π(x`).

When the restriction on the lower bound of transfers to sellers is binding, there is
a positive measure of buyers and sellers who remain unmatched in equilibrium. The
presence of those potential competitors drives competition in the bottom tail of the match
distribution and makes the buyer and seller in the bottom match invest more than they
would in the equilibrium with no restrictions on transfers. This increases their match
surplus compared to the one in the equilibrium with no restrictions on transfers. The
amount of transfer to the seller is also higher, but such fierce competition in the bottom
created by the binding lower bound of transfers leaves both the seller and the buyer in
the bottom match strictly worse off.

Because the schedules for equilibrium investments, transfers, surplus, and utilities are
continuous, such a rat race occurs among a positive measure of buyers and sellers in the
bottom tail of the match distribution as shown in Proposition 3

Proposition 3 There exists an interval Iz such that the minimum of Iz is z` and for all z ∈ Iz,

σ̃(z) > σ(z), (49)
β̃(n (z)) > β(n (z)), (50)

v
(

β̃(n (z)), n (z) , σ̃(z), z
)

> v (β(n (z)), n (z) , σ(z), z) , (51)
τ̃(z) > τ(z), (52)

Ũ(z) < U(z), (53)
Π̃(n (z)) < Π(n (z)). (54)

Proof. Because σ̃(z`) = s` > σ(z`) according to Lemma 1 and both σ̃ and σ are non-
decreasing in z ≥ z`, σ̃(z) is greater than σ(z) for all z ∈ [z`, z] or (ii) σ̃ intersects with σ at
least once. Let the minimum of an interval Is

z be z`. For the case of (i), let the supremum
of Is

z be z. For the case of (ii), let the supremum of Is
z be min {z ∈ [z`, z] : σ̃(z) = σ(z)} .

By the construction of Is
z ,(49) holds for all z ∈ Is

z . Given β̃(n (z`)) = b` > β(n (z`)), we
can similarly show the existence of Ib

z with z` as its minimum such that (50) holds for all
z ∈ Ib

z .
Because we have that

v
(

β̂(n (z`)), n (z`) , σ̂(z`), z`
)
= v(b`, x`, s`, z`) > v(β (x`) , x`, σ(z`), z`)

according to Lemma 1, we can also similarly show the existence of Iv
z with z` as its min-

imum such that (51) holds for all z ∈ Iv
z . Given τ̃(z`) = t` > τ(z) in Lemma 1, we can

also similarly show the existence of It
z with z` as its minimum such that (52) holds for all

z ∈ It
z.
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For equilibrium utilities, note that Ũ(z`) < U(z`) and Π̃(x`) < Π(x`) according to
Lemma 1. Therefore, we can show (a) the existence of IU

z with z` as its minimum such
that (53) holds for all z ∈ IU

z and (b) the existence of IΠ
z with z` as its minimum such that

(54) holds for all z ∈ IΠ
z . Finally for the proof of 3, we can choose

inf
{

sup Is
z , sup Ib

z , sup Iv
z , sup It

z, sup IU
z , sup IU

z

}
.

as the supremum of Iz.

We uncover the surprising repercussions of a binding lower bound of transfers. The
binding lower bound of transfers increases competition in the bottom tail of the match
distribution because a positive measure of buyers and sellers have to remain unmatched.
The increase in competition in the bottom tail leads buyers and sellers in the bottom tail
to increase their investments in order to be successful at the matching stage. A rat race is
inevitable for both sellers and buyers in the bottom tail of the match distribution: While
those sellers in Iz and their partners in the bottom tail create more surplus with more
investments than they do without restrictions, they all end up being strictly worse off,
struggling to pay off the investment costs.12

A minimum wage, often intended to enhance the welfare of workers who are hired
for entry level jobs, is an example of a binding lower bound of transfers. Our findings
are quite contrary to the conventional motivation for minimum wage in that the equilib-
rium utilities for sellers in the bottom tail are actually lower: They are paid more but the
monetary transfer is not enough to compensate the costs of a higher investment.

4 Equilibrium with Bounded Transfers

Now we turn to our main focus, the equilibrium with bounded transfers restricted by both
the upper bound th and the lower bound t`. If the upper bound of transfers th was not
binding or there was no upper bound, σ̃, β̃, m̃, and τ̃ would trace investments, matching,
transfers in the equilibrium with bounded transfers. Rather, our interest is the case where
the upper bound of transfers is also binding, that is, th < τ̃(σ̃(z)).

4.1 Equilibrium characterization

Suppose that in the case of the binding upper bound of transfers, investments follow σ̃

and β̃, starting from s` and b`. Because of the binding upper bound of transfers, equi-
librium investments cannot follow σ̃ and β̃ all the way up to σ̃(z) and β̃ (x) . Instead,

12While Iz is a connected interval with its minimum z`, it is not clear what its supremum is other than
the fact that it is strictly greater than z`. This is because the impact a change in the investment of the seller
in the bottom match has on the entire schedule of the posterior belief on the seller’s type is not clear. The
supermodular assumption on v and the submodular assumption on c do not help. (See (35) and (36).) This
makes unclear the entire schedules on investments and transfers.
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investments jump once they reach certain types of sellers and buyers in the top tail of the
match distribution.

As shown later in Theorem 1, all sellers of type zh or above make the same invest-
ment sh, whereas all buyers of type x ≥ n(zh) make the constrained efficient investment
be(x, sh) that maximizes the expected surplus net of the buyer’s investment cost given the
belief µ̃(sh) on the seller’s type.13 The following system of equations (55) and (56) is the
key to understanding jumping in the top tail of the match distribution and (sh, zh) solve
(55) and (56)

th − c (s, z) = τ̃ (σ̃ (z))− c (σ̃ (z) , z) , (55)
E[v(be(n (z) , s), n (z) , s, z′)|z′ ≥ z]− e (be(n (z) , s), n (z))− th = (56)

v
(

β̃ (n (z)) , n (z) , σ̃ (z) , z
)
− e

(
β̃ (n (z)) , n (z)

)
− τ̃ (σ̃ (z)) .

Consider the two equations at (z, s) = (zh, sh). Note that (55) makes the seller of type
zh indifferent between investing sh for th and σ̃ (zh) for τ̃ (σ̃ (zh)) . As shown in Theorem
1 below, the expression on the left hand side of (55) is the equilibrium utility for the
seller of type zh. The expression on the left hand side of (56) is the utility for the buyer
of type n (zh) who makes the constrained efficient investment, expecting to be matched
with a seller with investment sh by transferring th to her. This is the equilibrium utility for
the buyer of type n(zh). The expression on the right-hand side is his utility if he makes
investment β̃ (n (zh)), to be matched with the seller of type zh with investment σ̃ (zh), by
transferring τ̃ (σ̃ (zh)) to her.

Lemma 2 th > τ̃ (σ̃ (zh)) , sh > σ̃ (zh) , and be(n (zh) , sh) > β̃ (n (zh)) .

Proof. When all sellers of type zh or above make the same investment sh in equilibrium,
we have that for all z > zh

th − c (sh, z) ≥ τ̃ (σ̃ (zh))− c (σ̃ (zh) , z) . (57)

Since (55) holds at (sh, zh), (55) and (57) imply that sh ≥ σ̃ (zh) and th ≥ τ̃ (σ̃ (zh)) given
Assumption 2.1.

For notational simplicity, let

Γe(s, z) := E[v(be(n (z) , s), n (z) , s, z′)|z′ ≥ z]− e (be(n (z) , s), n (z))

and
Γ(s, z) := v

(
β̃ (n (z)) , n (z) , σ̃ (z) , z

)
− e

(
β̃ (n (z)) , n (z)

)
.

13Recall that be(x, s) is defined in (9).
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Because sh ≥ σ̃ (zh) , we have that

max
b∈R+

[
E[v(b, n (zh) , sh, z′)|z′ ≥ zh]− e (b, n (zh))

]
>

max
b∈R+

[v(b, n (zh) , σ̃ (zh) , zh)− e (b, n (zh))] ,

and hence Γe(sh, zh) > Γ(sh, zh). (56) at (s, z) = (sh, zh) is written as Γe(sh, zh) − th =
Γ(sh, zh)− τ̃ (σ̃ (zh)), which implies

th > τ̃ (σ̃ (zh))

given Γe(sh, zh) > Γ(sh, zh). If th > τ̃ (σ̃ (zh)) , (55) at (sh, zh) implies that

sh > σ̃ (zh) .

To show that be(n (zh) , sh) > β̃ (n (zh)), note that β̃ (n (zh)) maximizes the surplus
between the buyer of type n(zh) and the seller of type zh, with investment σ̃ (zh), net of
the buyer’s investment cost and hence it satisfies

vb(β̃ (n (zh)) , n (zh) , σ̃ (zh) , zh)− eb
(

β̃ (n (zh)) , n (zh)
)
= 0. (58)

Because sh > σ̃ (zh) , we can use (58) and Assumption 1 to show that

E[vb(β̃ (n (z)) , n (z) , sh, z′)|z′ ≥ zh]− eb
(

β̃ (n (z)) , n (z)
)
> 0. (59)

Because v− e is concave in b, Ev− e is concave in b. Therefore, (59) implies that be(n (zh) , sh) >
β̃ (n (zh)).

For a closer look at the solution (zh, sh), consider the set that includes all (s, z) satisfy-
ing (55):

{(s, z) : th − c (s, z) = τ̃ (σ̃ (z))− c (σ̃ (z) , z)} .

Applying the envelop theorem for σ̃, to the total differential of th − c (s, z) = τ̃ (σ̃ (z))−
c (σ̃ (z) , z) yields the slop of the equation as

dz
ds

= − cs(s, z)
cz(s, z)− cz (σ̃ (z) , z)

> 0 for all s > σ̃ (z) . (60)

Consider the set that includes all (s, z) satisfying (56):

{(s, z) : Γe(s, z)− th = Γ(s, z)− τ̃ (σ̃ (z))} .

Applying the envelop theorem for be, β̃, σ̃, and τ̃ to the total differential of Γe(s, z)− th =
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Γ(s, z)− τ̃ (σ̃ (z)), we can express the slope of the equation as

dz
ds

= −− Γe
s

Γe
z − Γz

(61)

= − Evs

Evxn′ + ∂E[v|z′>z]
∂z − esn′ − (vxn′ + vz − esn′)

< 0 for all s > σ̃ (z)

The sign is due to Assumptions 1 and 2.2 given be(n (z) , s) > β̃ (n (z)).
The sign is due to Assumption 2.1. (60) and (61) imply that (55) and (56) intersect

at most once in the space of s and z subject to s > σ̃ (z). The intersection, denoted by
(sh, zh), is the solution for the system of equations (55) and (56). For any given z, let sb

h(z)
be defined by

Γe(sb
h(z), z)− th = Γ(sb

h(z), z)− τ̃ (σ̃ (z))

and ss
`(z) by

th − c (ss
h(z), z) = τ̃ (σ̃ (z))− c (σ̃ (z) , z) .

If ss
h(z`) < sb

h(z`) and ss
`(z) > sb

` (z), then we have the intersection, (sh, zh) , with sh >
σ̃ (zh) and z` < zh < z. This is the case we are interested in.

We are interested in a monotone equilibrium with bounded transfers where all en-
dogenous functions are monotone. Recall that τ̂(s) = 0 if m̂(s) = ∅. Let xh := n(zh) and
bh := be(xh, sh).

Theorem 1 An equilibrium
{

β̂, ρ̂, σ̂, µ̂, τ̂, m̂
}

of pre-match investment competition with bounded
transfers is characterized as follows.

1. β̂ follows (i) β̂(x) = 0 if x ∈ [x, x`); (ii) β̂(x) = β̃(x) if x ∈ [x`, xh); and (iii) β̂(x) =
be(x, sh) if x ∈ (xh, x]. Further, we have that limx↗xh

β̂(x) < β̂(x′) for all x′ ≥ xh.

2. ρ̂ follows (i) ρ̂(b) = H(x|x < x`) if b ∈
[
0, β̂(x`)

)
; (ii) ρ̂(b) = β̂

−1
(b) if b ∈

[
β̂(x`), β̂(x)

]
;

(iii) ρ̂(b) = x if b > β̂(x).

3. σ̂ follows (i) σ̂(z) = 0 if z ∈ [z, z`); (ii) σ̂(z) = σ̃(z) if z ∈ [z`, zh); (iii) σ̂(z) = sh if
z ∈ [zh, z]. Further, we have that limz↗zh

σ̂(z) < sh.

4. µ̂ follows (i) µ̂(s) = G(z|z < z`) if s = 0, (ii) µ̂(s) ∈ F if s ∈ (0, σ̂(z`)); (iii) µ̂(s) =
µ̃(s) = σ̂−1(s) if s ∈ [σ̂(z`), σ̃(zh)); (iv) µ̂(s) = zh if s ∈ [σ̃(zh), sh); (v) µ̂(s) = G(z|z ≥
zh) if s = sh; µ̂(s) = z if s > sh.

5. τ̂ follows (i) τ̂(s) = 0 if s ∈ [0, σ̂(z`)); (ii) τ̂(s) = τ̃(s) if s ∈ [σ̂(z`), σ̃(zh)); (iii) if
s ∈ [σ̃(zh), sh),

τ̂(s) = v (γ (xh, s, zh) , xh, s, zh)− e (γ (xh, s, zh) , xh)

−E
[

v
(

β̂(xh), xh, sh, z′
)∣∣ z′ ≥ zh

]
+ e

(
β̂(xh), xh

)
+ th. (62)
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(iv) τ̂(s) = th if s = sh; (v) τ̂(s) = 0 if s > sh Further, we have that limz↗zh
τ̂(σ̂(z)) <

τ̂(sh).

6. m̂ follows that (i) m̂(s) = m̃(s) if s ∈ [σ̂(z`), σ̂(zh)), (ii) m̂(s) =
{

β̂(x) : x ∈ [xh, x]
}

if
s = sh, (iii) m̂(s) = ∅ otherwise.

Proof. For the proof of the last part of Theorem 1, note that, by 1.(ii) of Theorem 1, we
have limx↗xh

β̂(x) = β̃(xh) and β̃(xh) is indeed

β̃(xh) = γ (xh, σ̃ (zh) , zh) ∈ arg max
b∈R+

{v (b, xh, σ̃ (zh) , zh)− e (b, xh)} .

On the other hand, 1.(iii) shows that for all x′ ≥ xh, β̂(x′) is

β̂(x′) ∈ be(x, sh) ∈ arg max
b∈R+

{
E
[

v
(
b, x′, sh, z′

)∣∣ z′ ≥ zh
]
− e (b, xh)

}
Because sh > σ̃ (zh) by Lemma 2 , x′ ≥ xh, and z′ ≥ zh, it is clear that limx↗xh

β̂(x) =

β̃(xh) < β̂(x′) for all x′ ≥ xh.
For the proof of the last part of 3 of Theorem 1, note that limz↗zh

σ̂(z) = σ̃ (zh) by 3.(ii).
By Lemma 2, we have , limz↗zh

σ̂(z) = σ̃ (zh) < sh. For the proof of the last part of 5 of
Theorem 1, note that limz↗zh

τ̂(σ̂(z)) = τ̃(σ̃(zh)) by 5.(ii) and 3.(ii). Because τ̂(sh) = th
by 5.(iv), we have that limz↗zh

τ̂(σ̂(z)) = τ̃(σ̃(zh)) < τ̂(sh) by Lemma 2.
All the other proofs are in Appendix B.

Theorem 1 fully characterizes an equilibrium with bounded transfers. 1.(i), (ii), and
3.(i) and (ii) in Theorem 1 show that equilibrium investments for buyers and sellers are
indeed the same as those in the equilibrium with the restriction on the lower bound of
transfers before the buyer’s type hits xh and the seller’s type hits zh. 1.(iii) shows that the
equilibrium investment chosen by a buyer of type xh or above is the constrained efficient
level given that his partner is a seller whose investment is sh, whereas a seller of type zh
or above makes the same investment sh.

Note that 4.(ii) specifies the posterior belief µ̂(s) on the seller’s type when her invest-
ment s is smaller than σ̂(z`), but it is positive. If µ̂(s) is in F defined in (30) in Section
3.2.1, no buyer wants to be matched with a seller with s ∈ (0, σ̂(z`)) so that τ̂(s) = 0 for
all s ∈ (0, s`) (i.e., m(s) = ∅). This prevents the seller in the bottom match from reducing
her investment below s`. The proof of Theorem 1 also shows that no buyer wants to be
matched with a seller with no investment.

4.(iii) shows that the posterior belief on the seller type conditional on s ∈ [σ̂(z`), σ̃(zh))
is the same as one in the equilibrium with the restriction on the lower bound of transfers.
The restriction on the upper bound of transfers alters the posterior belief on the seller’s
type on the top because there is jumping and bunching at the same time on the top. 4.(iv)
and (v) show how the posterior belief changes for s > σ̃(zh). Any level of investment s
in [σ̃(zh), sh) is not observed in the equilibrium and the market believes that the type of
a seller with such an investment is zh, whereas the type of any seller with sh is believed
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to follow the probability distribution G(z|z ≥ zh) according to Bayes’ rule. Finally, any
seller with s > sh is believed to have the highest type, z. Therefore, both lower and upper
bounds of transfers alter the posterior belief on the seller’s type compared to that without
restrictions on transfers.

4.2 Equilibrium transfer schedule

The transfer schedule for sellers changes, reflecting the posterior beliefs on the seller’s
type and the buyer’s type, and their investments. 5.(i) of Theorem 1 shows that any
seller whose investment is below the lowest level observed in equilibrium is not matched,
whereas 5.(ii) shows that any seller with investment in [σ̂(z`), σ̃(zh)) receives the same
transfer that she would have received in the equilibrium with the restriction on the lower
bound of transfers. 5.(iv) indicates that th is the transfer to any seller with investment
sh. For 5.(v), note that there is no seller with investment higher than sh. Hence τ̂(s) = 0
for s > sh reflects the fact that a buyer cannot be matched with a seller with investment
higher than sh.

As shown in Lemma 2, sh is strictly greater than σ̃(zh) and therefore 3. of Theorem
1 implies that no seller’s investment lies in [σ̃(zh), sh). For the transfer t to a seller with
investment in [σ̃(zh), sh), we choose the indifference curve for the buyer of type xh =
n (zh). Given any s ∈ [σ̃(zh), sh), we can find t that satisfies

v (γ (xh, s, zh) , xh, s, zh)− e (γ (xh, s, zh) , xh)− t =

E
[

v
(

β̂(xh), xh, sh, z′
)∣∣ z′ ≥ zh

]
− e

(
β̂(xh), xh

)
− th. (63)

The expression on the right hand side of (63) represents the equilibrium utility for the
buyer of type xh = n (zh), whereas the expression on the left hand side is his utility when
he makes the constrained efficient investment given that (a) he is matched with a seller
whose investment s lies in [σ̃(zh), sh) and (b) her type is believed to be zh according to
4.(iii) of Theorem 1. Therefore, (s, t) that satisfies (63) keeps track of the buyer’s indif-
ference curve on the space of the seller’s investments and transfers to the seller. 5.(iii) of
Theorem 1 shows that the transfers τ̂(s) for s ∈ [σ̃(zh), sh) are constructed following this
indifference curve. Because (56) is satisfied with sh and zh, (62) implies that

τ̂(s) = τ̃ (s) at s = σ̃ (zh) ,
lim

s↘σ̃(zh)
τ̂(s) = τ̃(σ̃ (zh)). (64)

According to 5.(ii) of Theorem 1, we have lims↗σ̃(zh)
τ̂(s) = τ̃(σ̃ (zh)). This, together

with (64) and (64), implies that τ̂(s) is continuous at s = σ̃ (zh) and

τ̂(σ̃ (zh)) = τ̃ (σ̃ (zh)) (65)

Now consider the transfer schedule τ̂ at s = sh. According to 5.(iv) of Theorem 1, lims↘sh
τ̂(s) =
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Figure 1: Equilibrium transfer schedule

th. Consider the left-hand limit of τ̂(s):

lim
s↗sh

τ̂(s) = v (γ (xh, sh, zh) , xh, sh, zh)− e (γ (xh, sh, zh) , n (zh))

−E
[

v
(

β̂(xh), xh, sh, z′
)∣∣ z′ ≥ zh

]
+ e

(
β̂(xh), xh

)
+ th. (66)

Because β̂(xh) = be(n (zh) , sh), we have that γ (xh, sh, zh) < β̂(xh). Because γ (xh, sh, zh) <
β̂(xh) and z′ ≥ zh,

v (γ (xh, sh, zh) , xh, sh, zh)− e (γ (xh, sh, zh) , n (zh)) <

E
[

v
(

β̂(xh), xh, sh, z′
)∣∣ z′ ≥ zh

]
− e

(
β̂(xh), xh

)
. (67)

From (66) and (67), we can see that

lim
s↗sh

τ̂(s) < th = lim
s↘sh

τ̂(s), (68)

which shows that the transfer schedule is discontinuous at s = sh and the left-hand limit
of τ̂(s) at sh is strictly lower than the right-hand limit of τ̂(s) at sh.

Figure 1 provides equilibrium transfer schedules, τ̂, τ̃, and τ, with bounded transfers,
the restriction on the lower bound of transfers only, and no restrictions on transfers re-
spectively. In the figure, the lowest schedule is τ. For s ∈ [0, σ̃(zh)] , τ̂ and τ̃ are the same
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with the thick line segment for s ∈ [0, s`) and the thick curve for s ∈ [s`, σ̃(zh)]. τ̃ contin-
ues along with the dotted curve for s > σ̃(zh). The highest transfer τ̃ (σ̃ (z̄)) to the seller
with the highest investment under the restriction on the lower bound only is greater than
th, the upper bound of transfers under the restrictions on both bounds. In this case, the
transfer τ̃ (σ̃ (z̄)) is not possible under the restrictions on both bounds and the jumping
and bunching occurs at sh in that all sellers of type zh or above make the same investment
sh. (68) is reflected in the figure in that the left-hand limit of τ̂ (s) at s = sh is lower than
th. (65) is also reflected in that τ̂(s) is continuous at s = σ̃(zh), but it is not differentiable.

Figure 1 also reflects the first and third properties in Lemma 1. In the figure, the invest-
ment s` chosen by the seller of type z` under both bounds of transfers (or the restrictions
on the lower bound only) is greater than the investment σ(z`) chosen by her under no re-
strictions, and the transfer t` to her under both bounds of transfers (or the restrictions on
the lower bound only) is greater than the transfer τ (σ(z`)) to her under no restrictions.

Because t` > τ (σ(z`)) and both τ̂ and τ are increasing and continuous for s ∈ [s`, sh]
and for s ≥ σ(z`), there exists an interval It

z with z` being its minimum such that, for all
z ∈ It

z, τ̂ (σ̂(z)) > τ (σ(z)) . Figure 1 provides a case where τ lies below τ̂ from s = s` up
until the point where τ̂ and τ intersect.

Given τ̂, sellers make their optimal investment decisions in the equilibrium with bounded
transfers and the set of their investment S is not convex: S = {0} ∪ [s`, σ̃(zh)) ∪ {sh}. Be-
cause buyers’ investments are constrained efficient given his partners, they only need to
make a choice of their partners with investments in S given that they have to transfer
money according to τ̂. Our notion of equilibrium requirement for the buyer’s investment
is robust to the possibility that buyers may think there are always sellers with investment
s less than sh. This requires that buyers only have the correct belief about the highest
investment chosen by sellers and hence buyers make a choice of their partners with in-
vestment s ∈ co(S) = [0, sh]. Even if there was a seller with s ∈ (0, s`), buyers would
not be willing to be matched with her given their beliefs µ̂(s) ∈ F (4.(ii) of Theorem 1).
This in turn prevents the seller of type z` from lowering her investment below s` = σ̂(z`).
Even if there was a seller with s ∈ [σ̃(zh), sh) ,buyers would not be willing to be matched
with her given the transfer schedule τ̂(s) specified over s ∈ [σ̃(zh), sh) (5.(iii) of Theorem
1) and their belief µ̂(s) = zh about the seller’s type conditional on s ∈ [σ̃(zh), sh) (3.(iv) of
Theorem 1).

4.3 A rat race

Lemma 1 and Proposition 3 identify the rat race in the bottom tail of the match distribu-
tion that is induced by the binding lower bound of transfers in the equilibrium with the
restriction on the lower bound of transfers. The schedules for equilibrium investments,
transfers, and matching patterns in the equilibrium with bounded transfers are identical
to those in the equilibrium with the restriction on the lower bound of transfers before the
seller’s type and the buyer’s type hit zh and xh respectively. Therefore, the rat race in the
bottom tail of the match distribution that is identified by Lemma 1 and Proposition 3 also
happens in the equilibrium with bounded transfers.
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Figure 3: Buyers’ investments

4.4 A rise of stars

If a rat race in the bottom tail of the match distribution is the result of the binding lower
bound of transfers, then an endogenous rise of stars is the result of the binding upper
bound of transfers. Stars who stand out from the rest in terms of talent endogenously arise
on both sides of the market even when types are continuously distributed on both sides of
the market. A seller’s talent is (s, µ̂(s)), a pair of her investment s and the posterior belief
µ̂(s) on her type conditional on s. A buyer’s talent is (b, ρ̂(b)), pair of his investment b
and the posterior belief ρ̂(b) on his type conditional on b.

Figure 2 provides the seller’s equilibrium investment schedule that reflects 3. of The-
orem 1. Sellers of type below z` leave the marker with no investment. All those sellers
of type z` or above find their partners in the market after making positive investments.
Those sellers whose types are in [z`, zh) fully reveal their types by differentiating their in-
vestments from [σ̂ (z`) , σ̃(zh)). Sellers of type zh or above all choose the same investment
sh, which is strictly greater than limz↗zh

σ̂ (z) = σ̃(zh). Therefore, jumping and bunching
occurs on the top end of the seller side. Because all sellers of type z` or above choose the
same investment sh, the posterior belief on their type conditional on sh is G(·|z ≥ zh), the
probability distribution of the seller’s type conditional on z ≥ zh. Therefore, the talent of
the seller with sh is (sh, G(·|z ≥ zh)), which shows a discrete jump from the talents of the
rest of sellers. A positive measure of those stars, i.e., sellers of type zh or above, all look
alike due to pooling at sh.

A rise of stars also occurs on the buyer side but slightly differently. Figure 3 provides
the buyer’s equilibrium investment schedule that reflects 1. of Theorem 1. Buyers of type
below x` leave the market with no investment. Those buyers whose types are in [x`, xh)
fully reveal their types by differentiating their investments from

[
β̂ (x`) , β̃(xh)

)
. There is a

jump in the investment of the buyer of type xh, being strictly greater than limx↗xh
β̂ (x) =

β̃(xh), but there is no bunching after that. Given that their partners are sellers with talent
(sh, G(·|z ≥ zh)), buyers of type xh or above continuously differentiate themselves and

33



make their types fully revealed by making constrained efficient investments. The talent
of the buyer with investment b ≥ bh is (b, ρ̂(b)) with ρ̂(b) = β̂

−1
(b) . A positive measure

of the type xh or above buyers are stars whose talents show a discrete jump from the rest
of buyers, but the talents of those stars are differentiated among themselves.

The assignment models have been adopted in the literature (Tervio (2008), Gabaix and
Landier (2008)) to explain why the top income earners make a huge amount of income
relative to the rest of individuals given a fixed talent distribution. Our paper is the first to
endogenize the talent distribution and shows that stars who stand out from the rest arise
endogenously. If we take the endogenous talent distribution derived in our paper as one
that individuals start with at the beginning of their professional career the future career
trajectory of those stars will stand out even more.14.

5 Discussion

In real-life situations, feasible transfers are often bounded for various reasons but bounded
transfers are mostly studied in the context of moral hazard (Jewitt, Kadan, and Swinkels
(2008)) and are not addressed in most of principal-agent problems or contract theory. Our
paper is the first to introduce bounded transfers in the context of pre-match investment
with incomplete information.

5.1 Notion of equilibrium

Bounded transfers create several difficulties. The two schedule approach has been used
in incentivizing investments on both sides under complete information (Cole, Mailath,
and Postlewaite (2001b), and Dizsar (2018)). However, the two-schedule approach is not
appropriate in our model because the binding upper bound of transfers makes (partial) pool-
ing necessary in equilibrium, but the two-schedule approach does not allow for (partial)
pooling. In fact, stable matching results from the classical assignment models (Gretsky,
Ostroy, and Zame (1992), Kaneko (1982), Shapley and Shiubik (1971)) are not even ap-
plicable to the matching stage due to bounded transfers. Our approach for pre-match
investment competition is the one-schedule approach, where buyers become the residual
claimants in their matches and which allows for pooling.

The one-schedule approach should be formulated with care. A buyer should have the
correct belief on the highest level sh of the investments chosen by sellers with bounded
transfers, because the transfer to a seller cannot go beyond the upper bound, th. With-
out the correct belief on sh, it is never optimal for a buyer to make an investment to
be matched with a seller with sh. This is because the buyer might think that he can be
matched with a seller with investment higher than sh by transferring th. Therefore, buy-
ers should make their investment decisions with the correct expectations on (i) the highest

14Only a small number of stars often stand out from the rest in the professional junior job market (e.g.,
PhDs, lawyers, etc) and they tend to monopolize the offers from the top employers.
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level of the investment chosen by sellers and (ii) the sellers’ investment decisions along
with the schedule of transfers for sellers. On the other hand, sellers simply make their
investment decisions given the schedule of transfers for sellers.

Given the binding lower bound of transfers, a reduction in the investment by the seller
in the bottom match creates externalities on her partner at the matching stage, when she
is the only one with the lowest investment among the sellers with a partner and her part-
ner is the only one with the lowest investment among the buyers with a partner. Such
externalities do not go away even in a large market. This is because her partner in the
bottom match may find it still better to be matched with the seller by transferring the
lower bound to her even when her investment is slightly below what he expected. That’s
always the case under complete information, but such externalities are not incorporated
in Cole, Mailath, and Postlewaite (2001b) and Nöldeke and Samuelson (2015). Our paper
develops a notion of equilibrium with a continuum of buyers and sellers that incorporates
market participants’ rational behavior, anticipating such externalities that may happen in
the bottom match with bounded transfers under incomplete information. It identifies a
sufficient condition under which such externalities do not break the equilibrium.

Given our own formulation of pre-match investment competition, the equilibrium
with bounded transfers explains remarkably well why individuals, sellers or buyers, at
the bottom tail of the match distribution are stuck in the harsh cycle of a rat race, and
how stars who stand out from the rest endogenously arise through pre-match investment
competition.

5.2 Endogenous market information

It is worth noting that restricting the upper and lower bounds of transfers leads to a
change in the market posterior beliefs on individuals’ types and how this differs from
information design through Bayesian persuasion pioneered by Kamenica and Gentzkow
(2011). In the standard Bayesian persuasion, a sender directly designs a signal structure
that transmits information about an unknown state to a receiver who then takes an action.
In our paper, the choices of signals (i.e., investments ) by individuals on each side form
the market posterior beliefs on their types. Imposing the restrictions on the actions (e.g.,
monetary transfers) that can be taken by receivers (buyers) change the market posterior
beliefs on the sellers’ types. Such changes in the posterior beliefs change the transfer
schedule and investment decision by both buyers and sellers, which confirms the changes
in the posterior beliefs. The basic framework of Bayesian framework has been extended
to accommodate multiple senders (Gentzkow and Kamenica (2017), dynamic persuasion
(Ely (2017)), a privately informed receiver (Kolotilin, Mylovanov, Zapechelnyuk, and Li
(2017)), and auctions and price discrimination (Bergemann, Brooks, and Morris (2015,
2017). However, the impact of restricting part of the receiver’s action on information
design has not been studied.
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5.3 Non-transferable utility

It is also important to see that externalities in the bottom match are inherently present in
models with non-transferable utility even in a large market. However, they are not prop-
erly addressed in the literature: When buyers and sellers make investments, they take
as given either the return schedule that specifies the investment of the buyer’s partner
as a function of his investment or the market utility schedules that specify individuals’
utility levels that should be ensured in the market. However, if the buyer and the seller in
the bottom match are unique in terms of their investment choices, their partner’s outside
option is to stay unmatched. If they know that, their investment levels are not bilaterally
Pareto optimal but they are simply the bilateral Nash levels.

To see this point clearly, let U(s, b, z) be the utility for the seller of type z when her
investment is s and she is matched with the buyer with investment b. Analogously,
Π(b, s, x) is the utility for the buyer of type x. Each individual’s utility is strictly increas-
ing in his/her partner’s investment, which is the only reward from matching. Following
Peters and Siow (2002), let g(b) be the increasing market return function that specifies
the investment of the seller whom the buyer with b is matched with. Given g(b), the
first-order conditions for equilibrium investment decisions are

Πb(b, g(b), x) + Πs(b, g(b), x)g′(b) = 0, (69)

Us

(
s, g−1(s), z

)
+ Ub

(
s, g−1(s), z

) 1
g′(b)

= 0. (70)

The marginal return g′(b) equates the marginal rates of substitution between partners
in a match and hence equilibrium investments are Pareto efficient. Let bmin and smin be
the investment levels of a buyer and a seller in the bottom match. Suppose that they are
the only buyer and seller who make investments bmin and smin. In this case, a reduction
in the investment slightly below the Pareto optimal level by the buyer in the bottom still
makes his partner want to be matched with him because the outside option is to stay
unmatched or match with a buyer whose investment is a lot lower. This is the same for
the seller. That means that if the measure of buyers with bmin and the measure of sellers
with smin are both zero, it is reasonable to expect that their equilibrium investments are
the bilaterally Nash, that is, Πb(b, g(b), x) = Us

(
s, g−1(s), z

)
= 0. This implies that the

matching incentives, captured in the second terms on the right hand sides of (69) and (70)
must be zero at the bottom match. Since both Πs and Ub are positive, that means both
g′(bmin) and 1/g′(bmin) are both zero, which is clearly not possible.

The market-utility approach in Nöldeke and Samuelson (2014) generates more equilib-
rium outcomes than the market-return approach in Peters and Siow (2002) does because
of the coordination failure on the beliefs about market utilities that individuals would
receive. However, the market-utility approach is also not free from the difficulty created
by the externalities associated with a reduction in the investment by an individual in the
bottom match.

Bhaskar and Hopkins (2016) consider a pre-match investment competition in a non-
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transferable utility framework, where individuals on each side are all ex-ante homoge-
neous in terms of their types and realized investment is stochastic. They assume that if an
individual lowers his/her investment in a way that their realized investment is the lowest
one their side, the individual is matched with one with the lowest realized investment on
the other side or stays unmatched with equal probability. The positive probability of be-
ing unmatched prevents an individual from lowering his/her investment too much. The
idea behind this assumption is that the numbers of buyers and sellers may be randomly
determined and each side of the market has more individuals with equal probability. If
we could apply this idea to our transferable utility framework, we might generate an
equilibrium with bounded transfers under complete information, which does not exist in
our current model. However, it is not clear how to randomly determine the total mea-
sures of buyers and sellers when their types are continuous. Further, if the type of the
buyer and the seller in the bottom match (i.e., x` and z` in our notation) with a binding
lower bound can be inferred, the bottom match problem would be still present even in a
model with the random total measures of buyers and sellers.

It is of great interest to develop a notion of equilibrium incorporating the bottom
match problem in a model with non-transferable utility or to construct a model where
the bottom match problem may not occur at all. I leave these for future research.
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6 Proof of Proposition 1

Our interest is the equilibrium with bounded transfers presented in Theorem 1. Thus, the
main purpose of this appendix is to provide the proof that given conditions in Proposition
1, (i) a seller who is matched with a buyer does not want to change her investment to that
chosen by any other seller who is matched with a buyer, (ii) a buyer does not want to
change his investment to that chosen by any other buyer who is matched with a seller,
(iii) no buyer wants to change his partner to someone who is matched with any other
buyer given his investment, and (iv) no seller wants to change her partner to someone
who is matched with any other seller given her investment.
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Consider the seller’s investment problem. Let u(s, z) := τ̃(s)− c(s, z). Applying As-
sumption 2.1 to (17), (18), and (19) yield the following inequalities. For all z ∈ (z`, z]

us+(σ̃ (z`) , z) = τ̃′+(σ̃ (z`))− cs+(σ̃ (z`) , z) > 0. (71)

For all z ∈ [z`, z] and all z′ ∈ (z`, z), if z′ ≶ z,

us(σ̃
(
z′
)

, z) = τ̃′(σ̃
(
z′
)
)− cs(σ̃

(
z′
)

, z) ≷ 0. (72)

For all z ∈ [z`, z)
us−(σ̃ (z) , z) = τ̃′−(σ̃ (z))− cs−(σ̃ (z) , z) < 0. (73)

Inequalities (71), (72), and (73) show the two properties: (i) no seller of type z` or above
has an incentive to change her investment level to that made by a seller of any other type
in [z`, z] and (ii) σ̃ is strictly increasing in z ∈ [z`, z]. Therefore, (17), (18), and (19) become
the sufficient condition for a seller of type z` or above not to change her investment to
that chosen by another seller of type z` or above. Because σ̃ is increasing in z ∈ [z`, z],
the posterior belief on the seller’s type is a degenerate probability distribution for all
s ∈ S\{0} = [s`, σ̃ (z)] and is defined as µ̃(s) = σ̃−1(s) for all s ∈ [s`, σ̃ (z)].

A buyer of type x ∈ [x`, x] always makes the constrained efficient investment be(x, s)
given any potential partner, a seller with any s ∈ S (See (9)). Because the belief µ̃(s) for
any s ∈ [s`, σ̃ (z)] is the degenerate probability distribution (i.e., µ̃(s) = σ̃−1(s)), we have
that be(x, s) = γ(x, s, µ̃(s)) for all s ∈ [s`, σ̃ (z)].

Let π(s, x) := v (γ(x, s, µ̃(s)), x, s, µ̃(s)) − τ̃(s) − e(γ(x, s, µ̃(s)), x). The buyer’s in-
vestment problem is to find out s that maximizes π(s, x) and his investment becomes
β̃(x) = γ(x, ξ(x), µ̃(ξ(x))), where ξ(x) is s that maximizes π(s, x).

Because m̃(ξ(x)) = γ(x, ξ(x), µ̃(ξ(x))) for all x ∈ [x`, x], (21), (22), and (23) in Condi-
tion 3 of Proposition 1 can be rewritten as

vs (γ(x`, ξ(x`), µ̃(ξ(x`))), x`, ξ(x`), µ̃(ξ(x`)))
+ vz (γ(x`, ξ(x`), µ̃(ξ(x`))), x`, ξ(x`), µ̃(ξ(x`))) µ̃′+(ξ(x`))− τ̃′+(ξ(x`)) = 0, (74)

vs (γ(x, ξ(x), µ̃(ξ(x))), x, ξ(x), µ̃(ξ(x)))
+ vz (γ(x, ξ(x), µ̃(ξ(x))), x, ξ(x), µ̃(ξ(x))) µ̃′(ξ(x))− τ̃′(ξ(x)) = 0 if x ∈ (x`, x), (75)

vs (γ(x, ξ(x), µ̃(ξ(x))), x, ξ(x), µ̃(ξ(x)))
+ vz (γ(x, ξ(x), µ̃(ξ(x))), x, ξ(x), µ̃(ξ(x))) µ̃′−(ξ(x))− τ̃′−(ξ(x)) = 0. (76)

Consider the derivatives of π(s, x) with respect to s. If the buyer of type x wants to
be matched with a seller with s, he always chooses the constrained efficient investment
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γ(x, s, µ̃(s)) and hence the following condition is satisfied:

vb(γ(x, s, µ̃(s)), x, s, µ̃(s))− eb(γ(x, s, µ̃(s)), x) = 0 (77)

Therefore, we can apply the envelop theorem for γ(x, s, µ̃(s)), i.e., (77), to the derivatives
of π(s, x) with respect to s. Further, because γ(x, s, z) is increasing in x, we can apply
Assumption 1 to (74), (75), and (76) to yield the following inequalities.

For all x ∈ (x`, x],

πs+(ξ(x`), x) = vs (γ(x, ξ(x`), µ̃(ξ(x`))), x, ξ(x`), µ̃(ξ(x`)))
+ vz (γ(x, ξ(x`), µ̃(ξ(x`))), x, ξ(x`), µ̃(ξ(x`))) µ̃′+(ξ(x`))− τ̃′+(ξ(x`)) > 0. (78)

For all x ∈ [x`, x] and all x′ ∈ (x`, x), if x′ ≶ x,

πs(ξ(x′), x) = vs
(
γ(x, ξ(x′), µ̃(ξ(x′))), x, ξ(x′), µ̃(ξ(x′))

)
+ vz

(
γ(x, ξ(x′), µ̃(ξ(x′))), x, ξ(x′), µ̃(ξ(x′))

)
µ̃′(ξ(x′))− τ̃′(ξ(x′)) ≷ 0. (79)

For all x ∈ [x`, x),

πs−(ξ(x), x) = vs (γ(x, ξ(x), µ̃(ξ(x))), x, ξ(x), µ̃(ξ(x)))
+ vz (γ(x, ξ(x), µ̃(ξ(x))), x, ξ(x), µ̃(ξ(x))) µ̃′−(ξ(x))− τ̃′−(ξ(x)) < 0. (80)

Therefore, Condition 3 and (77) lead to (78), (79), and (80), which show that (i) no buyer
has an incentive to change his investment level to that made by any other buyer and (ii)
ξ is increasing in x ∈ [x`, x].

It is straightforward to show that γ(x, s, z) is increasing in each argument. Because ξ

is increasing in x ∈ [x`, x] and µ̃ is increasing in s ∈ [s`, σ̃ (z)] as shown above, the mono-
tonicity of γ implies that β̃(x) = γ(x, ξ(x), µ̃ (ξ(x))) is increasing in x ∈ [x`, x] Because β̃

is increasing in x ∈ [x`, x], the posterior belief is a degenerate probability distribution and
is defined as ρ̃(b) = β̃

−1
(b) for all b ∈ B\{0} =

[
b`, β̃ (x)

]
, where b` = β̃ (x`) given the

definition of b`.
Applying (77) to the buyer of type x and his partner, i.e., the seller of type m̃−1(β̃(x))

yields Condition 2.
Finally, we show that if Conditions 3 and 4 are satisfied, no one has an incentive to

change their partner to be matched with someone who is matched with someone else.
Consider a buyer’s incentive to change his partner at the matching stage. For a buyer
with b, his utility associated with being matched with a seller with s is

ϕ(s, b) := v(b, ρ̃ (b) , s, µ̃ (s))− τ̃(s). (81)

To see if a buyer has an incentive to change his partner to a seller who is matched with
another buyer, we consider the derivatives of (81) with respect to s.

Condition 4 implies that m̃ is increasing in s ∈ [s`, σ̃ (z)] and m̃−1 is increasing in
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b ∈
[
b`, β̃ (x)

]
. Because m̃−1 is increasing, we can apply Assumption 1 to Condition 3

(i.e., (21), (22), and (23)) to show the following inequalities. For all b ∈
(
b`, β̃(x)

]
,

ϕs+

(
m̃−1(b`), b

)
= vs

(
b, ρ̃ (b) , m̃−1(b`), µ̃

(
m̃−1(b`)

))
+ vz

(
b, ρ̃ (b) , m̃−1(b`), µ̃

(
m̃−1(b`)

))
µ̃′+

(
m̃−1(b`)

)
− τ̃′+

(
m̃−1(b`)

)
> 0. (82)

For all b ∈ [b`, β̃(x)] and all b′ ∈
(
b`, β̃(x)

)
, if b′ ≶ b

ϕs

(
m̃−1(b′), b

)
= vs

(
b, ρ̃ (b) , m̃−1(b′), µ̃

(
m̃−1(b′)

))
+ vz

(
b, ρ̃ (b) , m̃−1(b′), µ̃

(
m̃−1(b′)

))
µ̃′
(

m̃−1(b′)
)
− τ̃′

(
m̃−1(b′)

)
≷ 0. (83)

For all b ∈ [b`, β̃(x)),

ϕs−

(
m̃−1(β̃(x)), b

)
= vs

(
b, ρ̃ (b) , m̃−1(β̃(x)), µ̃

(
m̃−1(β̃(x))

))
+ vz

(
b, ρ̃ (b) , m̃−1(β̃(x)), µ̃

(
m̃−1(β̃(x))

))
µ̃′−

(
m̃−1(β̃(x))

)
− τ̃′−

(
m̃−1(β̃(x))

)
< 0.

(84)

Therefore, (82), (83), and (84) show that no buyer wants to change his partner to someone
who is matched with another buyer at the matching stage given his investment.

Let us examine if a seller who is already matched with a buyer according to Condition
4 has incentives to be matched with a buyer who is matched with another seller. If a seller
with s is matched with a buyer with b, her utility is

ψ(b, s) := v (b, ρ̃(b), s, µ̃(s))−
[
v
(

b, ρ̃(b), m̃−1 (b) , µ̃(m̃−1 (b))
)
− τ̃

(
m̃−1 (b)

)]
Condition 4 implies that m̃ is increasing in s ∈ [s`, σ̃ (z)] and m̃−1 is increasing in b ∈

B\{0} =
[
b`, β̃(x)

]
. Because m̃−1 is increasing, we can apply Assumption 1 to Condition

3 (i.e., (21), (22), and (23)) to show the following inequalities. For all s ∈ (s`, σ̃ (z)]

ψb+(b`, s) = vb+(b`, ρ̃(b`), s, µ̃(s))− vb+

(
b`, ρ̃(b`), m̃−1 (b`) , µ̃

(
m̃−1 (b`)

))
> 0. (85)

For all s ∈ [s`, σ̃ (z)] and all s′ ∈ (s`, σ̃ (z)), if s′ ≷ s

ψb(m̃(s′), s) = vb(m̃(s′), ρ̃(m̃(s′)), s, µ̃(s))− vb
(
m̃(s′), ρ̃(m̃(s′)), s′, µ̃

(
s′
))

≶ 0. (86)

For all s ∈ [s`, σ̃ (z)),

ψb−(m̃(σ̃ (z)), s) = vb−(m̃ (σ̃ (z)) , ρ̃(m̃ (σ̃ (z))), s, µ̃(s))
− vb− (m̃ (σ̃ (z)) , ρ̃(m̃ (σ̃ (z))), σ̃ (z) , µ̃ (σ̃ (z))) < 0. (87)
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Therefore, (85) and (86), and (87) show that no seller wants to change her partner to be
matched with someone who is matched with another seller given her investment.

7 Proof of Theorem 1

7.1 Ex-ante investment

7.1.1 Seller’s deviation to change her investment

Note that by applying the envelop theorem to the seller’s equilibrium utility Û(z) we can
show that Û(z) is increasing and positive for z > z` starting from Û(z`) = 0.

(a) Deviation by the seller of type zh to change her investment The seller’s equilibrium
investment is sh. There are four types of deviations. The first type is to increase her invest-
ment to some s > sh. Clearly she has no incentive to increase her investment because the
amount of transfer to her already hits the upper bound th with sh and increasing invest-
ment only incurs extra utility costs.

The second type is to decrease her investment to s ∈ [σ̃(zh), sh). An investment level in
[σ̃(zh), sh) is not observed in equilibrium. According to (55), the utility for the seller by
making investment sh satisfies

th − c(sh, zh) = τ̃ (σ̃ (zh))− c (σ̃ (zh) , zh) . (88)

Because τ̃ (σ̃ (zh)) = τ̂ (σ̃ (zh)) according to (65), (88) implies that the seller of type zh
is indifferent between choosing sh for th and choosing σ̃ (zh) for τ̂ (σ̃ (zh)) and hence she
has no incentive to change her investment to σ̃ (zh).

(88) also implies that we can compare the utility τ̂ (s) − c(s, zh) for s ∈ (σ̃(zh), sh)
with the utility τ̂ (σ̃ (zh))− c (σ̃ (zh) , zh) to see if the seller of type zh gains by reducing
her investment to s ∈ (σ̃(zh), sh). For this comparison, first note that τ̂(s) is adjusted
according to (62) for s ∈ (σ̃(zh), sh). Taking the derivative of (62) with respect to s yields

τ̂′(s) = vs (γ (n (zh) , s, zh) , n (zh) , s, zh) . (89)

Applying (89), we can see that, for all s ∈ (σ̃(zh), sh)

τ̂′(s)− cs(s, zh) = vs (γ (n (zh) , s, zh) , n (zh) , s, zh)− cs(s, zh). (90)

In the equilibrium with the lower bound of transfers only, we have that for all s > σ̃(zh)

τ̃′(s)− cs(s, zh) = vs
(

β̃ (n (µ̃(s))) , n (µ̃(s)) , s, µ̃(s)
)

+ vz
(

β̃ (n (µ̃(s))) , n (µ̃(s)) , s, µ̃(s)
)

µ̃′(s)− cs(s, zh) < 0. (91)

Note that vs (γ (n (zh) , s, zh) , n (zh) , s, zh) < vs
(

β̃ (n (µ̃(s))) , n (µ̃(s)) , s, µ̃(s)
)

because of
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Assumption 1 given zh < µ̃(s), n (zh) < n (µ̃(s)), and γ (n (zh) , s, zh) < β̃ (n (µ̃(s))) =
γ (n (µ̃(s)) , s, µ̃(s)) . Furthermore, vz

(
β̃ (n (µ̃(s))) , n (µ̃(s)) , s, µ̃(s)

)
µ̃′(s) > 0. Therefore,

we have that

vs (γ (n (zh) , s, zh) , n (zh) , s, zh) <

vs
(

β̃ (n (µ̃(s))) , n (µ̃(s)) , s, µ̃(s)
)
+ vz

(
β̃ (n (µ̃(s))) , n (µ̃(s)) , s, µ̃(s)

)
µ̃′(s). (92)

Combing (91) and (92) implies that the sign of (90) is negative: For all s ∈ (σ̃(zh), sh)

τ̂′(s)− cs(s, zh) < 0. (93)

τ̂(s) is continuous at s = σ̃ (zh). Therefore, (93) implies that the seller’s utility by acquir-
ing any s ∈ (σ̃(zh), sh) is strictly lower than her utility with sh:

th − c(sh, zh) = τ̂ (σ̃ (zh))− c (σ̃ (zh) , zh) > τ̂ (s)− c(s, zh). (94)

Therefore, the seller of type zh has no incentive to decrease her investment to s ∈ (σ̃(zh), sh).
The third type is to decrease her investment to s ∈ [s`, σ̃(zh)). Because the transfer

schedule τ̂ is the same as the one τ̃ in the equilibrium with the lower bound of transfers
only, we can apply Proposition 1 to show that the seller of type zh has no incentive to
decrease her investment to s ∈ [s`, σ̃(zh)).

Lastly, if the seller reduces her investment to s ∈ [0, s`), she receives no transfer so that
her utility is non-positive. Therefore, she has no incentive to reduce her investment to
s ∈ [0, s`) according to 5.(i) in Theorem 1.

(b) Deviation by the seller of type z ∈ (zh, z] to change her investment The seller can-
not gain by increasing her investment because the transfer to her already hits the upper
bound of possible transfers, th.

When we showed that the seller of type zh has no incentive to change her investment,
we proved that for all s ∈ [s`, sh),

th − c(sh, zh) ≥ τ̂ (s)− c(s, zh), (95)

with strict inequality for s 6= σ̃(zh). Applying Assumption 2.1 (strict submodularity of c)
to (95) yields that for all z > zh and all s ∈ [s`, sh),

th − c(sh, zh) > τ̂ (s)− c(s, zh),

which shows that the seller of type z > zh has no incentive to decrease her investment to
s ∈ [s`, sh).

The seller’s utility will be lower by decreasing her investment further down because
in that case she cannot receive no transfers τ̂ (s) = 0 for all s < s`, but any positive
investment incurs costs: Her utility is non-positive.

Therefore, the seller has no incentive to change her investment and σ̂ (z) = sh is the
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unique optimal investment for the seller of type z ∈ (zh, z].

(c) Deviation by the seller of type z ∈ [z`, zh) to change her investment Because z < zh,
the seller’s investment is lower than σ̃ (zh) . Because (i) the transfer schedule τ̂ for the
investment in [s`, σ̃ (zh)] is the same as the one in the equilibrium with the lower bound
of transfers only and (ii) the seller’s investment σ̂ (z) is the same σ̃ (z) that she would have
chosen in the equilibrium with the lower bound of transfers only, we apply the proof of
Condition 1 in Proposition 1 to show that for any s ∈ [s`, σ̃ (zh)] and s 6= σ̂ (z)

τ̂ (σ̂ (z))− c (σ̂ (z) , z) > τ̂ (s)− c (s, z) . (96)

Therefore, the seller has no incentive to change her investment to another investment in
[s`, σ̃ (zh)].

Consider a deviation to s ∈ (σ̃ (zh) , sh). Because τ̃ (σ̃ (zh)) = τ̂ (σ̃ (zh)), (94) shows
that for all s ∈ (σ̃ (zh) , sh)

τ̂ (σ̃ (zh))− c (σ̃ (zh) , zh) > τ̂ (s)− c(s, zh). (97)

Because s > σ̃ (zh) and zh > z, applying Assumption 2.1 (the strict submodular property
of c) to (97) yields

τ̂ (σ̃ (zh))− c (σ̃ (zh) , z) > τ̂ (s)− c(s, z). (98)

Combining (96) at s = σ̃ (zh) and (98) yields, for all (σ̃ (zh) , sh),

τ̂ (σ̂ (z))− c (σ̂ (z) , z) > τ̂ (s)− c (s, z) ,

which shows that the seller of type z < zh has no incentive to increase her investment to
s ∈ (σ̃ (zh) , sh).

Now consider the seller’s deviation to increase her investment to sh. We know that for
the seller of type zh,

th − c(sh, zh) = τ̂ (σ̃ (zh))− c (σ̃ (zh) , zh) .

Because sh > σ̃ (zh) by Lemma 2 and zh > z, applying Assumption 2.1 (the strict submod-
ular property of c) to the equation above yields

th − c(sh, z) < τ̂ (σ̃ (zh))− c (σ̃ (zh) , z) . (99)

Combining (96) at s = σ̃ (zh) and (99) yields

τ̂ (s)− c (s, z) > th − c(sh, z),

which shows that the seller of type z < zh has no incentive to increase her investment to
sh. It is then clear that the seller of type z < zh has no incentive to increase even more
to s > sh because such an increase does not raise the amount of transfer to her since the
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amount of transfer already hits th at sh.
Finally, the seller’s utility will be lower if she reduce her investment below s` because

τ̂(s) = 0 for all s < s`. Therefore, σ̂ (z) is the unique optimal investment for the seller of
type z ∈ (z`, zh). The seller of type z` has two optimal investments: zero investment and
σ̂ (z`) = s`.

(d) Deviation by the seller of type z ∈ [z, z`) to change her investment The seller
chooses no investment in the equilibrium: σ̂ (z) = 0. The seller’s utility will be lower if
she increases her investment to s ∈ (0, s`) because it incurs positive investment costs but
still no transfers, τ̂ (s) = 0 for s ∈ (0, s`).

Consider a deviation to s`. We know that for the seller of type z`,

t` − c(s`, z`) = 0.

Because z < z`, applying Assumption 2.1 yields that

t` − c(s`, z) < 0, (100)

which implies that the seller’s utility is lower than zero, so the seller cannot gain by in-
creasing her investment to s`.

Consider a deviation to s > s`. From the previous section, we know that for all s > s`

t` − c(s`, z`) > τ̂ (s)− c(s, z`).

Because z < z`, applying 2.1 to the inequality relation above yields that for all s > s`

t` − c(s`, z) > τ̂ (s)− c(s, z). (101)

Combining (100) and (101) yields that for all s > s`,

0 > τ̂ (s)− c(s, z),

which show that a deviation to any s > s` lowers the seller’s utility. Therefore, σ̂ (z) = 0
is the unique optimal investment for the seller.

7.1.2 Buyer’s deviation to change his investment

Applying the envelop theorem to the buyer’s equilibrium utility Π̂(x), we can show that
Π̂(x) is increasing and positive for x > x` staring from Π̂(x`) = 0. The buyer’s invest-
ment problem can be seen as: which seller he wants to be matched with as formulated in
(10)?

(a) Deviation by the buyer of type xh to change his investment The equilibrium invest-
ment chosen by the buyer of type xh is bh − be(xh, sh) given that he wants to be matched
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with a seller with sh in equilibrium. Suppose that the buyer of type xh to change his in-
vestment to be matched with a seller with s ∈ [σ̃(zh), sh). In 5.(iii) in Theorem 1, τ̂ in
this subset of the domain [σ̃(zh), sh) follows the indifference curve of the buyer of type
xh, based on his constrained efficient investment for the match with a seller with s given
that µ(s) = zh, for the utility level he acquires with investment bh. Therefore, the buyer is
indifferent between investing bh and changing his investment to be matched with a seller
with s ∈ [σ̃(zh), sh): For any s ∈ [σ̃(zh), sh),

E
[

v
(

β̂(xh), xh, sh, z
)∣∣ z ≥ zh

]
− e

(
β̂(xh), xh

)
− th =

v(γ (xh, s, zh) , xh, s, zh)− e (b, xh)− τ̂(s). (102)

Suppose that the buyer changes his investment to be matched with a seller with s ∈
[s`, σ̃(zh)). According to (56), the buyer’s equilibrium utility associated with bh = β̂(xh)
satisfies

E
[

v
(

β̂(xh), xh, sh, z
)∣∣ z ≥ zh

]
− e

(
β̂(xh), xh

)
− th =

v
(

β̃ (xh) , xh, σ̃ (zh) , zh
)
− e

(
β̃ (xh) , xh

)
− τ̃ (σ̃ (zh)) . (103)

The proof of Conditions 2 and 3 of Proposition 1 shows that in the equilibrium only with
the lower bound of transfers, we have that for any s ∈ [s`, σ̃(zh)),

v
(

β̃ (xh) , xh, σ̃ (zh) , zh
)
− e

(
β̃ (xh) , xh

)
− τ̃ (σ̃ (zh)) >

v (γ (xh, s, µ̃ (s)) , xh, s, µ̃ (s))− e(γ (xh, s, µ̃ (s)) , xh)− τ̃ (s) . (104)

Because µ̂(s) = µ̃ (s) and τ̂(s) = τ̃ (s) for any s ∈ [s`, σ̃(zh)), (103) and (104) together
show that for any s ∈ [s`, σ̃(zh))

E
[

v
(

β̂(xh), xh, sh, z
)∣∣ z ≥ zh

]
− e

(
β̂(xh), xh

)
− th >

v (γ (xh, s, µ̂ (s)) , xh, s, µ̂ (s))− e(γ (xh, s, µ̂ (s)) , xh)− τ̂ (s) , (105)

which shows that the buyer has no incentive to change his investment to be matched with
a seller with s ∈ [s`, σ̃(zh)).

Suppose that the buyer changes his investment to be matched with a seller with s ∈
(0, s`). Because (105) holds for s = s`, we have that

E
[

v
(

β̂(xh), xh, sh, z
)∣∣ z ≥ zh

]
− e

(
β̂(xh), xh

)
− th >

v (γ (xh, s`, µ̂ (s`)) , xh, s`, µ̂ (s`))− e(γ (xh, s`, µ̂ (s`)) , xh)− t`. (106)

For s ∈ (0, s`), it is clear that

v (γ (xh, s`, µ̂ (s`)) , xh, s`, µ̂ (s`))− e(γ (xh, s`, µ̂ (s`)) , xh)− t` >
v (γ (xh, s, µ̂ (s)) , xh, s, µ̂ (s))− e(γ (xh, s, µ̂ (s)) , xh)− t`, (107)
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where the expression on the right-hand side is the buyer’s utility when he optimally
chooses his investment given that he is matched with a seller with s ∈ (0, s`). Note that
even if the seller’s investment is less than s`, the transfer to her cannot be less than t` due
to the restriction on the lower bound of transfers.

Combining (106) and (107) yields

E
[

v
(

β̂(xh), xh, sh, z
)∣∣ z ≥ zh

]
− e

(
β̂(xh), xh

)
− th >

v (γ (xh, s, µ̂ (s)) , xh, s, µ̂ (s))− e(γ (xh, s, µ̂ (s)) , xh)− t`,

which shows that the buyer has no incentive to change his investment to be matched with
a seller with s ∈ (0, s`).

Suppose that the buyer changes his investment to be matched with a seller with no
investment. In that case, his utility will be

max
b∈R+

{E [v (b, xh, 0, z)| z < z`]− e (b, xh)} − t`

because the transfer cannot go below t`. Then, it is clear that

v (γ (xh, s`, µ̂ (s`)) , xh, s`, µ̂ (s`))− e(γ (xh, s`, µ̂ (s`)) , xh)− t` >
max
b∈R+

{E [v (b, xh, 0, z)| z < z`]− e (b, xh)} − t`, (108)

where µ̂ (s`) = z`. Combining (108) and (105) yields that for s ∈ (0, s`)

E
[

v
(

β̂(xh), xh, sh, z
)∣∣ z ≥ zh

]
− e

(
β̂(xh), xh

)
− th >

max
b∈R+

{E [v (b, xh, 0, z)| z < z`]− e (b, xh)} − t`,

which shows that the buyer has no incentive to change his investment to be matched with
a seller with no investment.

Therefore, choosing β̂(xh) for being matched with a seller with sh among all sellers
generates the highest utility. Therefore, it is optimal.

(b) Deviation by the buyer of type x > xh to change his investment The utility for the
buyer of type x by investing β̂(x) = be(x, sh) to be matched with a seller with sh is

max
b
{E [v(b, x, sh, z)| z ≥ zh]− e (b, xh)} − th =

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (b, xh)− th (109)

Suppose that the buyer changes his investment to be matched with a seller with s ∈
[σ̃ (zh) , sh). Given s ∈ [σ̃ (zh) , sh), the belief on the seller’s type is µ̂ (s) = zh. Hence he
will change his investment to γ(x, s, µ̂ (s)) ∈ arg maxb∈R+ {v(b, x, s, µ̂ (s))− e(b, x)} so
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that his utility becomes

v(γ(x, s, µ̂ (s)), x, s, µ̂ (s))− e(γ(x, s, µ̂ (s)), x)− τ̂ (s) (110)

Therefore, we need to examine the sign of the utility difference between (109) and (110):

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x)− th

− [v(γ(x, s, µ̂ (s)), x, s, µ̂ (s))− e(γ(x, s, µ̂ (s)), x)− τ̂ (s)] (111)

Applying the envelop theorem for be(x, sh) and γ(x, s, µ̂ (s)), we can express the partial
derivative of (111) with respect to x

E [vx(be(x, sh), x, sh, z)| z ≥ zh]− ex (be(x, sh), x)
− [vx(γ(x, s, µ̂ (s)), x, s, µ̂ (s))− ex(γ(x, s, µ̂ (s)), x)] > 0 (112)

To show the positive sign in (112), first note that sh > s and be(x, sh) > γ(x, s, µ̂ (s)).
Therefore, Assumption 1 implies that vx(be(x, sh), x, sh, z) > vx(γ(x, s, µ̂ (s)), x, s, µ̂ (s))
for any z ≥ zh = µ̂ (s) , which leads to

E [vx(be(x, sh), x, sh, z)| z ≥ zh] > vx(γ(x, s, µ̂ (s)), x, s, µ̂ (s)).

Further, ex (be(x, sh), x) < ex (γ(x, s, µ̂ (s)), x) because of Assumption 2.2. Therefore, the
positive sign in (112) follows.

Because the utility difference in (111) is zero at x = xh and s = σ̃ (zh) , (112) implies
that (111) is positive for x > xh, which means that the buyer of type x > xh has no
incentive to change his investment to be matched with a seller with s ∈ [σ̃ (zh) , sh).

What if the buyer of type x > xh changes his investment to be matched with a seller
with s ∈ [s`, σ̃ (zh))? We also need to examine the sign of the utility difference in (111)
for s ∈ [s`, σ̃ (zh)). Because (112) also holds for s ∈ [s`, σ̃ (zh)), we can apply (112) for
s ∈ [s`, σ̃ (zh)) to (111) to conclude that the utility difference in (111) is positive for s ∈
[s`, σ̃ (zh)), i.e., for x > xh and for s ∈ [s`, σ̃ (zh)),

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x)− th

− [v(γ(x, s, µ̂ (s)), x, s, µ̂ (s))− e(γ(x, s, µ̂ (s)), x)− τ̂ (s)] > 0 (113)

Therefore, the buyer of type x > xh has no incentive to change his investment to be
matched with a seller with s ∈ [s`, σ̃ (zh)).

Suppose that the buyer of type x > xh changes his investment to be matched with a
seller with s ∈ (0, s`). Since (113) holds for s = s`, we have that

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x)− th

− [v(γ(x, s`, µ̂ (s`)), x, s`, µ̂ (s`))− e(γ(x, s`, µ̂ (s`)), x)− t`] > 0 (114)
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For s ∈ (0, s`), it is clear that

v (γ (x, s`, µ̂ (s`)) , x, s`, µ̂ (s`))− e(γ (x, s`, µ̂ (s`)) , x)− t` >
v (γ (x, s, µ̂ (s)) , x, s, µ̂ (s))− e(γ (x, s, µ̂ (s)) , x)− t`, (115)

where the expression on the right-hand side is the buyer’s utility when he optimally
chooses his investment given that he is matched with a seller with s ∈ (0, s`): Note that
even if the seller’s investment is less than s`, the transfer to her cannot be less than t` due
to the restriction on the lower bound of transfers. Combining (114) and (115) yields that
for s ∈ (0, s`)

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x)− th >

v (γ (x, s, µ̂ (s)) , x, s, µ̂ (s))− e(γ (x, s, µ̂ (s)) , x)− t`,

which shows that the buyer has no incentive to change his investment to be matched with
a seller with s ∈ (0, s`).

We can also show that the buyer’s utility is lower if he changes his investment to be
matched with a seller with no investment, following the way we prove that the utility of
the buyer of type xh is lower if he changes his investment to be matched with a seller with
no investment. Therefore, choosing β̂(x) = be(x, sh) to be matched with a seller with sh is
the unique optimal investment for the buyer.

(c) Deviation by the buyer of type x ∈ [x`, xh) to change his investment The equilib-
rium outcomes for buyers of types in [x`, xh) and sellers of types in [z`, zh) are the same
as the outcomes in the equilibrium with the lower bound of transfers only, including in-
vestments, transfers and matching. Therefore, from the proof of Conditions 2 and 3 in
Proposition 1, we know that the utility for the buyer will be lower by changing his invest-
ment to be matched with any other seller with s ∈ [s`, σ̃ (zh)).

Suppose that the buyer changes his investment to be matched with a seller with s ∈
[σ̃ (zh) , sh). First note that the equilibrium transfer schedule τ̂ satisfies that for all s ∈
[σ̃ (zh) , sh) and x = xh,

v (γ (x, σ̃ (zh) , zh) , x, σ̃ (zh) , zh)− e(γ (x, σ̃ (zh) , zh) , x)− τ̃ (σ̃ (zh)) =

v(γ (x, s, zh) , x, s, zh)− e(γ (x, s, zh) , x)− τ̂ (s) (116)

because of (62) and (56). Given any x < xh, we have that that for all s ∈ [σ̃ (zh) , sh),

vx (γ (x, σ̃ (zh) , zh) , x, σ̃ (zh) , zh)− ex (γ (x, σ̃ (zh) , zh) , x)
− [vx(γ (x, s, z) , x, s, z)− ex(γ (x, s, zh) , x)] < 0. (117)

The negative sign in (117) is derived by applying Assumption 1 and 2.2 given s > σ̃ (zh)
and γ (x, s, z) > γ (x, σ̃ (zh) , zh) . Combining (116) and (117) together, we can deduce that
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for all x < xh

v(γ (x, σ̃ (zh) , zh) , x, σ̃ (zh) , zh)− e(γ (x, σ̃ (zh) , zh) , x)− τ̃ (σ̃ (zh))

> v(γ (x, s, zh) , x, s, zh)− e(γ (x, s, zh) , x)− τ̂ (s) (118)

On the other hand, following the proof of Conditions 2 and 3 in Proposition 1, we know
the buyer’s utility will be lower if he change his investment to be matched with a seller
with σ̃ (zh) in the equilibrium only with the lower bound of transfers, that is

v
(

γ
(

x, σ̃
(

n−1(x)
)

, n−1(x)
)

, x, σ̃
(

n−1(x)
)

, n−1(x)
)

− e
(

γ
(

x, σ̃
(

n−1(x)
)

, n−1(x)
)

, x
)
− τ̃

(
σ̃
(

n−1(x)
))

> v(γ(x, σ̃ (zh) , zh), x, σ̃ (zh) , zh)− e(γ(x, σ̃ (zh) , zh), x)− τ̃ (σ̃ (zh)) (119)

From (118) and (119), we can deduce that for all s ∈ [σ̃ (zh) , sh)

v
(

γ
(

x, σ̃
(

n−1(x)
)

, n−1(x)
)

, x, σ̃
(

n−1(x)
)

, n−1(x)
)

− e
(

γ
(

x, σ̃
(

n−1(x)
)

, n−1(x)
)

, x
)
− τ̃

(
σ̃
(

n−1(x)
))

> v(γ (x, s, zh) , x, s, zh)− e(γ (x, s, zh) , x)− τ̂ (s) (120)

The expression on the left-hand side of (120) is indeed the same as the utility for the
buyer of type x < xh without deviation in the equilibrium with both bounds. Therefore,
the buyer strictly prefers choosing investment β̂(x) = γ

(
x, σ̃

(
n−1(x)

)
, n−1(x)

)
to be

matched with a seller with σ̂
(
n−1(x)

)
= σ̃

(
n−1(x)

)
to changing his investment to be

matched with a seller with s ∈ [σ̃ (zh) , sh).
Suppose that the buyer changes his investment to be matched with a seller with sh. To

see if the buyer prefers such a change, first note that at x = xh,

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x)− th =

v(γ (x, σ̃ (zh) , zh) , x, σ̃ (zh) , zh)− e (γ (x, σ̃ (zh) , zh) , x)− τ̃ (σ̃ (zh)) (121)

On the other hand, we have that

E [vx(be(x, sh), x, sh, z)| z ≥ zh]− ex (be(x, sh), x) >
vx(γ (x, σ̃ (zh) , zh) , x, σ̃ (zh) , zh)− ex(γ (x, σ̃ (zh) , zh) , x) (122)

(122) is due to Assumption 1 and 2.2 given sh > σ̃ (zh), be(x, sh) > γ (x, σ̃ (zh) , zh) , and
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z ≥ zh. From (121) and (122), we can deduce that for x < xh

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x)− th <

v(γ (x, σ̃ (zh) , zh) , x, σ̃ (zh) , zh)− e(γ (x, σ̃ (zh) , zh) , x)− τ̃ (σ̃ (zh)) (123)

From the proof of Conditions 2 and 3 in Proposition 1, we also know that for x < xh

v(γ (x, σ̃ (zh) , zh) , x, σ̃ (zh) , zh)− e(γ (x, σ̃ (zh) , zh) , x)− τ̃ (σ̃ (zh)) <

v
(

γ
(

x, σ̃
(

n−1(x)
)

, n−1(x)
)

, x, σ̃
(

n−1(x)
)

, n−1(x)
)

− e
(

γ
(

x, σ̃
(

n−1(x)
)

, n−1(x)
)

, x
)
− τ̃

(
σ̃
(

n−1(x)
))

(124)

Combining (123) and (124) yields

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x)− th <

v
(

γ
(

x, σ̃
(

n−1(x)
)

, n−1(x)
)

, x, σ̃
(

n−1(x)
)

, n−1(x)
)

− e
(

γ
(

x, σ̃
(

n−1(x)
)

, n−1(x)
)

, x
)
− τ̃

(
σ̃
(

n−1(x)
))

(125)

The expression on the right-hand side of (125) is indeed the same as the utility for the
buyer of type x < xh without deviation in the equilibrium with both bounds. Therefore,
the buyer strictly prefers choosing investment β̂(x) = γ

(
x, σ̃

(
n−1(x)

)
, n−1(x)

)
to be

matched with a seller with σ̂
(
n−1(x)

)
= σ̃

(
n−1(x)

)
to changing his investment to be

matched with a seller with sh.
Suppose that the buyer changes his investment to be matched with a seller with s ∈

(0, s`). From the proof of Conditions 2 and 3 in Proposition 1, we know that

v
(

β̃ (x) , x, σ̃
(

n−1(x)
)

, n−1(x)
)
− e(β̃ (x) , x)− τ̃

(
σ̃
(

n−1(x)
))
≥

v (γ (x, s`, µ̃ (s`)) , x, s`, µ̃ (s`))− e(γ (x, s`, µ̃ (s`)) , x)− t` (126)

with strict inequality for s` 6= σ̃
(
n−1(x)

)
or x 6= x`. Note that that the expression on

the left-hand side is equal to the buyer’s equilibrium utility with both bounds because
β̃ (x) = β̂ (x) for all x ∈ [x`, xh), and σ̃(s) = σ̂(s) and τ̃(s) = τ̂(s) for all s ∈ [s`, σ̃ (zh)). It
is clear that for all s ∈ (0, s`),

v (γ (x, s`, µ̃ (s`)) , x, s`, µ̃ (s`))− e(γ (x, s`, µ̃ (s`)) , x)− t` >
v (γ (x, s, µ̃ (s)) , x, s, µ̃ (s))− e(γ (x, s, µ̃ (s)) , x)− t`, (127)

where the expression on the right-hand side is the buyer’s utility when he chooses his
investment optimally given that he is matched with the seller with s ∈ (0, s`) at the mini-
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mum transfer of money t` to her. Combining (126) and (127) yields that for all s ∈ (0, s`),

v
(

β̃ (x) , x, σ̃
(

n−1(x)
)

, n−1(x)
)
− e

(
β̃ (x) , x

)
− τ̃

(
σ̃
(

n−1(x)
))

>

v (γ (x, s, µ̃ (s)) , x, s, µ̃ (s))− e(γ (x, s, µ̃ (s)) , x)− t`,

which show that the buyer’s utility is lower by changing his investment to be matched
with a seller with s ∈ (0, s`).

Suppose that the buyer changes his investment to be matched with a seller with no
investment. In that case, his utility will be

max
b∈R+

{E [v (b, x, 0, z)| z < z`]− e (b, x)} − t`

because the transfer cannot go below t`. Then, it is clear that

v (γ (x, s`, µ̂ (s`)) , x, s`, µ̂ (s`))− e(γ (x, s`, µ̂ (s`)) , x)− t` >
max
b∈R+

{E [v (b, x, 0, z)| z < z`]− e (b, x)} − t`, (128)

where µ̂ (s`) = z` and the expression on the left hand side is the utility for the buyer
when he changes his investment to be matched with a seller with s`. As we mentioned
at the beginning, the utility of the buyer will be lower by changing his investment to be
matched with a seller with s`. (128) shows that his utility will go down even further and
hence he has no incentive to change his investment to be matched with a seller with no
investment.

Therefore it is uniquely optimal for the buyer to choose β̂(x) = γ
(
x, σ̃

(
n−1(x)

)
, n−1(x)

)
to be matched with a seller with σ̂

(
n−1(x)

)
= σ̃

(
n−1(x)

)
.

(d) Deviation by the buyer of type x ∈ [x, x`) to change his investment The buyer
of type x ∈ [x, x`) chooses no investment and hence remains unmatched in equilibrium.
Suppose that he changes his investment to be matched with a seller with s = 0. According
to subsection (c) above, we know that

max
b∈R+

{E [v (b, x`, 0, z)| z < z`]− e (b, x`)} − t` <

v (γ (x`, s`, µ̂ (s`)) , x`, s`, µ̂ (s`))− e(γ (x`, s`, µ̂ (s`)) , x`)− t` = 0,

that is, the buyer of type x` strictly prefers choosing investment β̂(x`) = γ (x`, s`, µ̂ (s`)) =
b` to be matched with a seller with s` to changing his investment to be matched with a
seller with no investment. The expression on the right hand side of the inequality above
is equal to zero because the utility for the buyer in the bottom match is zero. Because
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maxb∈R+ {E [v (b, x`, 0, z)| z < z`]− e (b, x`)} − t` < 0, it is clear that

max
b∈R+

{E [v (b, x, 0, z)| z < z`]− e (b, x)} − t` < 0

for x < x` and hence the buyer of type x ∈ [x, x`) strictly prefers choosing no investment
with no partner.

Suppose that the buyer changes his investment to be matched with a seller with s`. We
know that

v (γ (x`, s`, µ̂ (s`)) , x`, s`, µ̂ (s`))− e(γ (x`, s`, µ̂ (s`)) , x`)− t` = (129)
max
b∈R+

{v (b, x`, s`, µ̂ (s`))− e(b, x`)} − t` = 0

From (129), we can infer that for x < x`,

max
b∈R+

{v (b, x, s`, µ̂ (s`))− e(b, x)} − t` < 0, (130)

which implies that the buyer’s utility induced by changing his investment to be matched
with the seller with s` is lower than his utility with no investment.

Suppose that the buyer changes his investment to be matched with a seller with s ∈
(0, s`). From (130), it is clear that for s ∈ (0, s`),

max
b∈R+

{v (b, x, s, µ̂ (s))− e(b, x)} − t` < 0 (131)

because s < s`. The expression on the left-hand side of (131) is the buyer’s utility induced
by changing his investment to be matched with the seller with s ∈ (0, s`).

Suppose that the buyer changes his investment to be matched with a seller with s ∈
(s`, sh) . According to Subsection (c) above, we know that for any s ∈ (s`, sh),

v (γ (x`, s, µ̂ (s)) , x`, s, µ̂ (s))− e(γ (x`, s, µ̂ (s)) , x`)− τ(s) <
v (γ (x`, s`, µ̂ (s`)) , x`, s`, µ̂ (s`))− e(γ (x`, s`, µ̂ (s`)) , x`)− t` (132)

For any given s ∈ (s`, sh), we have that

vx (γ (x, s, µ̂ (s)) , x, s, µ̂ (s))− ex(γ (x, s, µ̂ (s)) , x) >
vx (γ (x, s`, µ̂ (s`)) , x, s`, µ̂ (s`))− ex(γ (x, s`, µ̂ (s`)) , x), (133)

applying Assumption 1 and Assumption 2.2 given s > s`, µ̂ (s) > µ̂ (s`) ,and γ (x, s, µ̂ (s)) >
γ (x, s`, µ̂ (s`)). Applying (133) and the envelop theorem for γ (x, s, µ̂ (s)) with respect to
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x, we can show that (132) leads to the following inequality: For x < x` and s ∈ (s`, sh) ,

v (γ (x, s, µ̂ (s)) , x, s, µ̂ (s))− e(γ (x, s, µ̂ (s)) , x)− τ(s) <
v (γ (x, s`, µ̂ (s`)) , x, s`, µ̂ (s`))− e(γ (x, s`, µ̂ (s`)) , x)− t`. (134)

Because the expression on the right hand side of (134) is the same as the expression on the
left hand side of (130), we can conclude that for x < x` and s ∈ (s`, sh)

v (γ (x, s, µ̂ (s)) , x, s, µ̂ (s))− e(γ (x, s, µ̂ (s)) , x)− τ(s) < 0,

which show that the buyer’s utility induced by changing his investment to be matched
with a seller with s ∈ (s`, sh) is lower than his utility with no investment.

Finally, suppose that the buyer changes his investment to be matched with a seller
with sh. According to Subsection (c) above, we know that

E [v(be(x`, sh), x`, sh, z)| z ≥ zh]− e (be(x`, sh), x`)− th <

v (γ (x`, s`, µ̂ (s`)) , x`, s`, µ̂ (s`))− e(γ (x`, s`, µ̂ (s`)) , x`)− t` (135)

Given sh > s`, zh > µ̂ (s`) , and be(x`, sh) > γ (x, s`, µ̂ (s`)) , we can show that

E [vx(be(x`, sh), x, sh, z)| z ≥ zh]− ex (be(x, sh), x) >
vx (γ (x, s`, µ̂ (s`)) , x, s`, µ̂ (s`))− ex(γ (x, s`, µ̂ (s`)) , x) (136)

by applying Assumptions 1 and 2.2. Applying (136) to (135) yields that for x < x`

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x`)− th <

v (γ (x, s`, µ̂ (s`)) , x, s`, µ̂ (s`))− e(γ (x, s`, µ̂ (s`)) , x)− t` (137)

Because the expression on the right hand side of (137) is the same as the expression on the
left hand side of (130), we can conclude that for x < x`

E [v(be(x, sh), x, sh, z)| z ≥ zh]− e (be(x, sh), x`)− th < 0,

which implies that the buyer’s utility induced by changing his investment to be matched
with a seller with sh is lower than his utility with no investment. Therefore, no investment
is the unique optimal investment decision for the buyer.

7.2 Ex-post matching

We first prove that no seller with a partner wants to change her partner to a buyer who is
matched with another seller and no buyer with a partner wants to change his partner to a
seller who is matched with another buyer. When matching and transfers occur according
to ones specified in 5 and 6 in Theorem 1 given investments and posterior beliefs specified
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in 1, 2, 3, and 4. After that, we show that no buyer wants to be matched with a seller with
no investment and no seller wants to be matched with a buyer with no investment.

7.2.1 Deviation by a seller to change her partner

We examine whether a seller with a positive investment (i.e., a seller with a partner) can
gain by changing her partner to another buyer with a positive investment (i.e., another
buyer with a partner).

(a) Deviation by a seller with s ∈ [s`, σ̃(zh)) There are two types of sellers with a
positive investment, a seller with investment s ∈ [s`, σ̃(zh)) and a seller with investment
sh. In this subsection, we prove that a seller with investment s ∈ [s`, σ̃(zh)) cannot gain
by changing her partner to another buyer with positive investment.

There are two types of buyers with a positive investment: a buyer with b < β̃(xh) and
a buyer with b ≥ bh because there are no buyers with investment b ∈

(
β̃(xh), bh

)
.

First, consider the case where a seller with s ∈ [s`, σ̃(zh)) change her partner to a
buyer with b < β̃(xh). This case was covered in Proposition 2 and shows that the seller’s
matching utility goes down by changing her partner to a buyer with b < β̃(xh).

Second, consider the case where the seller changes her partner to the buyer with bh.
The buyer’s type is xh. If he is willing to be matched with a seller with s, the maximum
transfer τ́(s, xh) the buyer agrees to provide to the seller is determined by

v (bh, xh, s, µ(s))− τ́(s, xh) (138)
= E[v(bh, xh, sh, z)|z ≥ zh]− th

= v
(

β̃(xh), xh, σ̃ (zh) , zh
)
− e

(
β̃(xh), xh

)
− τ̃ (σ̃ (zh)) + e (bh, xh) ,

where the expression on the second line is the matching utility for the buyer with bh as-
sociated with being matched with a seller with sh in equilibrium and the second equality
is due to (56). In the equilibrium with the lower bound of transfers only, we have that

v
(

β̃(xh), xh, σ̃ (zh) , zh
)
− τ̃ (σ̃ (zh)) > v

(
β̃(xh), xh, σ̃ (zh) , s, µ(s)

)
− τ̃ (s) , (139)

which can be proved by applying Condition 3 in Proposition 1. Combining (138) and
(139) yields

τ̃ (s)− τ́(s, xh) > v
(

β̃(xh), xh, s, µ(s)
)
− e

(
β̃(xh), xh

)
− [v (bh, xh, s, µ(s))− e (bh, xh)]

(140)
Because (i) β̃(xh) = γ

(
xh, n−1(xh), µ̃(n−1(xh)

)
, (ii) n−1(xh) > s, and (iii) µ̃(n−1(xh)) >

µ(s), we have that β̃(xh) > γ (xh, s, µ̃(s)) . Further bh > β̃(xh) by Lemma 2 and hence
bh > β̃(xh) > γ (xh, s, µ̃(s)) . Because v (b, xh, s, µ(s))− e (b, xh) is concave in b according
to Assumption 3, and γ (xh, s, µ̃(s)) solves maxb∈R+ {v (b, xh, s, µ(s))− e (b, xh)}, we have

v
(

β̃(xh), xh, s, µ(s)
)
− e

(
β̃(xh), xh

)
− [v (bh, xh, s, µ(s))− e (bh, xh)] ≥ 0 (141)
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Applying (140) and (141), we can conclude that τ̃ (s) > τ́(s, xh). Because (i) τ̃ (s) is the
amount of transfer a seller with s < sh receives from the partner she is supposed to be
matched with in the equilibrium in both bounds and (ii) τ̃ (s) > τ́(s, xh), she does not
gain by changing her partner to a buyer with investment bh.

Now consider the case where the seller changes her partner to a buyer with b > bh.
Such a buyer’s type is greater than xh. If a buyer of type x > xh is willing to be matched
with a seller with s, the maximum transfer τ́(s, x) the buyer agrees to provide to her is
determined by

v (b, x, s, µ(s))− τ́(s, x) = E[v(b, x, sh, z)|z ≥ zh]− th, (142)

where the expression on the right-hand side is the buyer’s matching utility with his cur-
rent partner, a seller with sh. On the other hand, we know that τ́(s, xh) satisfies the fol-
lowing equality:

v (bh, xh, s, µ(s))− τ́(s, xh) = E[v(bh, xh, sh, z)|z ≥ zh]− th. (143)

Subtracting (142) to (143) yields that

τ́(s, xh)− τ́(s, x) =
E[v(b, x, sh, z)|z ≥ zh]−E[v(bh, xh, sh, z)|z ≥ zh]− [v (b, x, s, µ(s))− v (bh, xh, s, µ(s))] > 0

Because b > bh and x > xh, the inequality above holds due to Assumption 1 given that
sh > s and zh > µ(s). Therefore, τ́(s, xh) > τ́(s, x) for all x > xh and hence the seller’s
matching utility goes down by changing her partner to any buyer of type above xh (i.e., a
buyer with investment b > bh). This concludes that the seller does not gain by changing
her partner to any other buyer with a positive investment.

(b) Deviation by a seller with sh The seller receives the maximum possible transfer
th from the partner whom she is supposed to be matched with in equilibrium. Even if
she changes her partner, she cannot receive more than th. Therefore, she cannot gain by
changing her partner.

7.2.2 Deviation by a buyer to change his partner

We examine whether a buyer with a positive investment (i.e., a seller with a partner) can
gain by changing his partner to another seller with a positive investment (i.e., another
seller with a partner).

(a) Deviation by the buyer of type xh. The type of a buyer with a positive investment
belongs to [x`, x] . In this subsection, consider the case where the buyer of type xh changes
his partner to a seller who is matched by another buyer. The buyer’s investment is bh.
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The buyer is supposed to be matched with a seller with sh in equilibrium. The set of
investments chosen by sellers with a partner is [s`, σ̃(zh))∪ {sh}. Therefore, we only need
to consider the case where the buyer changes his partner to a seller with s ∈ [s`, σ̃(zh)) .
The minimum amount of transfer that a seller with s is willing to accept is τ̃(s) = τ̂(s).
Subsequently, the buyer’s maximum matching utility associated with changing his part-
ner to a seller with s ∈ [s`, σ̃(zh)) is

v (bh, xh, s, µ̃(s))− τ̃(s). (144)

since µ̃(s) = µ̂(s) and τ̃(s) = τ̂(s) for s ∈ [s`, σ̃(zh)). We have that

v (bh, xh, s, µ̃(s))− e(bh, xh) ≤ v
(

β̃(xh), xh, s, µ̃(s)
)
− e

(
β̃(xh), xh

)
(145)

because (i) v(b, x, s, z)− e(b, x) is concave in b and (ii) bh > β̃(xh) > γ(xh, s, µ̃(s)).
From (145), we can induce that

v(bh, xh, s, µ̃(s))− τ̃(s) ≤ v
(

β̃(xh), xh, s, µ̃(s)
)
− τ̃(s)− e

(
β̃(xh), xh

)
+ e(bh, xh) (146)

Further, in the equilibrium with the lower bound of transfers only, the equilibrium match-
ing partner for the buyer of type xh is also the seller of type zh and the following condition
is satisfied according to Condition 3 in Proposition 2:

v
(

β̃(xh), xh, σ̃(zh), zh
)
− τ̃(σ̃(zh)) > v

(
β̃(xh), xh, s, µ̃(s)

)
− τ̃(s) (147)

Applying (147) to (146), we can show that the inequality in (148) below holds. The equal-
ity in (148) below is due to (56).

v(bh, xh, s, µ̃(s))− τ̃(s) < v
(

β̃(xh), xh, σ̃(zh), zh
)
− τ̃ (σ̃(zh))− e

(
β̃(xh), xh

)
+ e(bh, xh)

= E[v(bh, xh, sh, z)|z ≥ zh]− th (148)

Because v(bh, xh, s, µ̃(s))− τ̃(s) is the buyer’s maximum utility associated with changing
his partner to a seller with s ∈ [s`, σ̃(zh)) and E[v(bh, xh, sh, z)|z ≥ zh] − th is his utility
without changing his partner, (148) implies that the buyer of type xh makes a loss by
changing his partner to a seller with s ∈ [s`, σ̃(zh)).

(b) Deviation by a buyer of type x ∈ (xh, x]. Because the equilibrium partner of a buyer
of type x ∈ (xh, x] is a seller with sh. Therefore, we only need to consider the case where
the buyer of type x ∈ (xh, x] changes his partner to a seller with s ∈ [s`, σ̃(zh)) .

The buyer’s matching utility associated with changing his partner to a seller with
s ∈ [s`, σ̃(zh)) is v

(
β̂(x), x, s, µ̃(s)

)
− τ̃(s) because µ̃(s) = µ̂(s) and τ̃(s) = τ̂(s) for

s ∈ [s`, σ̃(zh)). On the other hand, his matching utility without changing his partner
is E[v

(
β̂(x), x, sh, z

)
|z ≥ zh]− th. Note that β̂(x) > bh and x > xh. Further, sh > s and

each z in the expectation is either zh or above. Therefore, applying Assumption 1 to (148),
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we can show that

v
(

β̂(x), x, s, µ̃(s)
)
− τ̃(s) < E[v

(
β̂(x), x, sh, z

)
|z ≥ zh]− th.

Therefore, the buyer cannot gain by changing his partner to a seller with s ∈ [s`, σ̃(zh)).

(c) Deviation by a buyer of type x ∈ [x`, xh). A buyer of type x ∈ [x`, xh) can change
his partner to a seller with s ∈ [s`, σ̃(zh)). We can show that the buyer make a loss by such
a deviation by applying Condition 3 in Proposition 1 since matching, the seller’s invest-
ment, and the buyer’s belief for s ∈ [s`, σ̃(zh)) are identical to those in the equilibrium
with the lower bound of transfers only

The buyer can change his partner to a seller with sh. Because the seller can receive th,
the minimum transfer that she is willing to accept is th and hence the buyer’s matching
utility is

πd(x) := E
[

v
(

β̃(x), x, sh, z
)∣∣ z ≥ zh

]
− th.

because β̃(x) = β̂(x) for x ∈ [x`, xh). The buyer’s matching utility without deviation is

π◦(x) := v
(

β̃(x), x, σ̃(n−1 (x)), n−1 (x)
)
− τ̃

(
σ̃(n−1 (x))

)
,

where σ̃(n−1 (x)) = σ̂(n−1 (x)) ∈ [s`, σ̃(zh)) denotes the investment of the seller whom
the buyer is matched with without deviation and τ̃

(
σ̃(n−1 (x))

)
= τ̂

(
σ̂(n−1 (x))

)
is the

transfer to her.
According to (56), we that

v
(

β̃ (xh) , xh, σ̃ (zh) , zh
)
− e

(
β̃ (xh) , xh

)
− τ̃ (σ̃ (zh)) =

E[v(bh, xh, sh, z)|z ≥ zh]− e (bh, xh)− th, (149)

where xh = n(zh) in the earlier definition of xh. On the other hand, we have the following
inequality because of the definition of bh

E[v(bh, xh, sh, z)|z ≥ zh]− e (bh, xh)− th ≥
E[v(β̃ (xh) , xh, sh, z)|z ≥ zh]− e

(
β̃ (xh) , xh

)
− th. (150)

Combining (149) and (150) yields

v
(

β̃ (xh) , xh, σ̃ (zh) , zh
)
− τ̃ (σ̃ (zh)) ≥ E[v(β̃ (xh) , xh, sh, z)|z ≥ zh]− th (151)

(151) implies that

sup
x<xh

π◦(x) = lim
x↗xh

π◦(x) ≥ lim
x↗xh

πd(x) = sup
x<xh

πd(x). (152)
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To see whether the buyer of type x ∈ [x`, xh) has an incentive to change his partner to a
seller with sh, take the derivative of πd(x) and π◦(x) respectively:

π′d(x) = E
[

vb
(

β̃(x), x, sh, z
)

β̃
′
(x)
∣∣∣ z ≥ zh

]
+ E

[
vx
(

β̃(x), x, sh, z
)∣∣ z ≥ zh

]
> 0,

π′◦(x) = vb

(
β̃(x), x, σ̃(n−1 (x)), n−1 (x)

)
β̃
′
(x) + vx

(
β̃(x), x, σ̃(n−1 (x)), n−1 (x)

)
> 0.

The expression of π′◦(x) above is due to the envelop theorem. Because sh > σ̃(n−1 (x))
and z > n−1 (x) for all z ≥ zh, Assumption 1 implies that

vb
(

β̃(x), x, sh, z
)

> vb

(
β̃(x), x, σ̃(n−1 (x)), n−1 (x)

)
for all z ≥ zh,

vx
(

β̃(x), x, sh, z
)

> vx

(
β̃(x), x, σ̃(n−1 (x)), n−1 (x)

)
for all z ≥ zh,

which leads to
π′d(x) > π′◦(x) at every x < xh. (153)

Because (i) πd(x) has a steeper slope than π◦(x) does at every point x (according to (153))
and (ii) limx↗xh

π◦(x) ≥ limx↗xh
πd(x) (according to (152)), we have that

πd(x) < π◦(x) at every x < xh.

Therefore, the buyer has no incentive to change his partner to a seller with sh.

7.2.3 A seller with no investment cannot be a partner for any buyer

Is a buyer with no investment willing to be matched with a seller with no investment?
To answer this question, first note that v(b`, x`, s`, z`)− t` − e(b`, x`) = 0. Because b` is a
constrained efficient investment for the buyer of type x` given (s`, z`), we have that

v(0, x`, s`, z`)− t` − e(0, x`) = v(0, x`, s`, z`)− t` < 0. (154)

Because s` > 0, v(0, x`, s`, z`) > v(0, x`, 0, z`) and hence (154) implies that

v(0, x`, 0, z`)− t` < 0 (155)

(155) implies that for any x < x`,

E [v(0, x, 0, z)|z < z`]− t` < 0,

Note that a buyer with no investment has a type below x`. Since all those sellers whose
type is lower than z` have no investment, the expected utility for a buyer of type x < x`
with no investment associated with being matched with a seller with no investment is

E [v(0, x, 0, z)|z < z`]− t`,
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which is negative by (155). This implies that a buyer with no investment does not want
to be matched with a seller with no investment.

Is a buyer with a positive investment willing to be matched with a seller with no
investment? First note that any buyer of type x` or above has a positive investment and
has a partner in equilibrium. Therefore, the question is whether any buyer of type x` or
above wants to change his partner to a seller with no investment. First of all, for the buyer
of type x`, it is clear that

v
(

β̂(x`), x`, 0, z`
)
− t` < v

(
β̂(x`), x`, s`, z`

)
− t` (156)

because s` > 0. This implies that the buyer of type x` does not want to change his part-
ner to any seller with no investment because such a seller has a type below z`. To see
whether any buyer of type above x` can gain by changing his partner to any seller with
no investment, first note that β̂(x) > β̂(x`) for all x > x`. Applying Assumption 1 to (156)
yields

v
(

β̂(x), x, 0, z`
)
− t` < v

(
β̂(x), x, s`, z`

)
− t` (157)

On the other hand, from Subsection 7.2.2, we know that if x ∈ (x`, xh)

v
(

β̂(x), x, σ̂(n−1(x)), n−1(x)
)
− τ̂

(
σ̂(n−1(x))

)
> v

(
β̂(x), x, s`, z`

)
− t` (158)

and if x ∈ [xh, x̄],

E[v(β̂(x), x, sh, z)|z ≥ zh]− th > v
(

β̂(x), x, s`, z`
)
− t` (159)

Combining (157), (158) and (159) yields that if x ∈ (x`, xh)

v
(

β̂(x), x, σ̂(n−1(x)), n−1(x)
)
− τ̂

(
σ̂(n−1(x))

)
>
(

β̂(x), x, 0, z`
)
− t`

and if x ∈ [xh, x̄],

E[v(β̂(x), x, sh, z)|z ≥ zh]− th > v
(

β̂(x), x, s`, z`
)
− t`

Therefore, any buyer of type above x` cannot gain by changing his partner to a seller with
no investment. This concludes that any buyer with or without investment does not want
to be matched with a seller with no investment.

7.2.4 A buyer with no investment cannot be a partner for any seller

Equation (154) shows that any buyer with no investment will not be willing to be matched
with a seller with s`. Define s∗ to be defined as

v(0, x`, s∗, µ(s∗))− t` = 0.
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In fact, any seller with s ∈ [s`, s∗) cannot find a buyer with no investment who is willing
to transfer at least t` to her. For the seller with s∗, note that v(0, x`, s∗, µ(s∗)) = t` is the
supremum of the transfer she can ask a buyer with no investment because the type of a
buyer with no investment is less than x`. Because τ̃(s∗) > t`, we know that

τ̃(s∗) > v(0, x`, s∗, µ(s∗)), (160)

which implies that the seller with s∗ has no incentive to be matched with a buyer with no
investment.

It is also clear that a seller with s < s∗ cannot be matched with a buyer with no invest-
ment because the buyer’s matching utility with such a seller is negative since the buyer’s
type is less than is x` and for s < s∗, v(0, x`, s, µ(s))− t` < v(0, x`, s∗, µ(s∗))− t` = 0.

For any s > s∗, v(0, x`, s, µ(s)) is the supremum of the transfer a seller with s can ask a
buyer with no investment. Therefore, the difference between the transfer from her current
partner and v(0, x`, s, µ(s)) is

τ̃(s)− v(0, x`, s, µ(s)).

Taking the derivative of τ̃(s)− v(0, x`, s, µ(s)) with respect to s yields

τ̃′(s)− vs(0, x`, s, µ(s))− vz(0, x`, s, µ(s))µ′(s) =
vs(m̃(s), ρ (m̃(s)) , s, µ (s)) + vz(m̃(s), ρ (m̃(s)) , s, µ (s))µ′ (s)

− vs(0, x`, s, µ(s))− vz(0, x`, s, µ(s))µ′(s) > 0, (161)

where the inequality holds because of Assumption 1 given m̃(s) > 0, ρ (m̃(s)) > x`.
Equations (160) and (161) imply that for all s > s∗,

τ̃(s) > v(0, x`, s, µ(s)).

Therefore, any seller with s > s∗ who is currently matched with a buyer cannot gain by
matching with buyer with no investment.
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